Published by Institute of Physics Publishing for SISSA/ISAS Received: May 20, 2004 Accepted: May 31, 2004

Computing Yukawa couplings from magnetized extra dimensions

Daniel Cremades^a, Luis E. Ibáñez^{ab} and Fernando Marchesano^c

aDepartamento de Física Teórica C-XI and Instituto de Física Teórica C-XVI Universidad Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain bTheory Division, CERN 1211 Geneva 23, Switzerland cDepartment of Physics, University of Wisconsin-Madison WI 53706, U.S.A.

E-mail: daniel.cremades@uam.es, ibanez@madriz1.ft.uam.es,

marchesa@physics.wisc.edu

Abstract: We compute Yukawa couplings involving chiral matter fields in toroidal compactifications of higher dimensional super-Yang-Mills theory with magnetic fluxes. Specifically we focus on toroidal compactifications of D = 10 super-Yang-Mills theory, which may be obtained as the low-energy limit of type-I, type-II or Heterotic strings. Chirality is obtained by turning on constant magnetic fluxes in each of the 2-tori. Our results are general and may as well be applied to lower D = 6, 8 dimensional field theories. We solve Dirac and Laplace equations to find out the explicit form of wavefunctions in extra dimensions. The Yukawa couplings are computed as overlap integrals of two Weyl fermions and one complex scalar over the compact dimensions. In the case of type-IIB (or type-I) string theories, the models are T-dual to (orientifolded) type-IIA with D6-branes intersecting at angles. These theories may have phenomenological relevance since particular models with SM group and three quark-lepton generations have been recently constructed. We find that the Yukawa couplings so obtained are described by Riemann ϑ-functions, which depend on the complex structure and Wilson line backgrounds. Different patterns of Yukawa textures are possible depending on the values of these backgrounds. We discuss the matching of these results with the analogous computation in models with intersecting D6-branes. Whereas in the latter case a string computation is required, in our case only field theory is needed.

Keywords: Field Theories in Higher Dimensions, D-branes, Compactification and String Models.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep052004079 /jhep052004079 .pdf

Contents

1. Introduction 2

2. Yukawa couplings in Kaluza-Klein theories 6 2.1 D = 10 N = 1 Super Yang-Mills compactifications with magnetic fluxes 6 2.2 Models with fluxes on D = 6, 8 dimensions 8

3. Toroidal wavefunctions I: abelian Wilson lines 10 3.1 Eigenfunctions of the Dirac equation on T^2 10 3.1.1 Abelian gauge field 10 3.1.2 Dirac zero modes 12 3.1.3 Normalization 15 3.2 Chiral matter eigenfunctions 16 3.2.1 Fermions in bifundamentals 16 3.3 Eigenfunctions of the Laplace equation 19 3.4 Theta functions as wavefunctions 20 3.5 Generalization to T^{2n} 22

4. Toroidal wavefunctions II: non-abelian Wilson lines 24 4.1 Non-abelian gauge groups 24 4.2 Fermions in bifundamentals 26 4.3 Eigenfunctions of the Laplace equation 30 4.4 Generalization to T^{2n} 30 4.4.1 Factorizable tori 31 4.4.2 General tori 33

5. Computing Yukawa couplings 36 5.1 Computing Yukawas on a T^2 36 5.1.1 Abelian Wilson lines 38 5.1.2 Non-abelian Wilson lines 42 5.2 Higher dimensional tori 42 5.3 Yukawas in supersymmetric models 43

6. D-branes of lower dimension 45

7. Comparison with intersecting brane computations 47 7.1 Intersecting brane Yukawas 48 7.2 Matching by T-duality 49 7.2.1 Horizontal T-duality 51 7.2.2 Tilted T-duality 52 7.3 Chiral fields and T-duality 54 7.4 The Kähler metrics of chiral fields revisited 55

– 1 –

8. A 3-generation MSSM-like model 55

9. Final comments and conclusions 58

A. Dimensional reduction of N = 1 Super Yang-Mills 59

B. Magnetic fluxes and supersymmetry 63 B.1 Hermitian Yang-Mills Equations 63 B.2 D-brane interpretation 64 B.3 Mirror symmetry and stringy corrections 66

1. Introduction

One of the most outstanding puzzles of the standard model (SM) of particle physics is the structure of the Yukawa couplings between the Higgs field and the SM fermions. A correct description of the observed masses and mixing of quarks and leptons seems to require very different values for the Yukawa coupling constants for the different generations. Although many approaches have been attempted to describe the hierarchical structure of Yukawa couplings it is fair to say that we do not have at the moment a compelling theory for quark and lepton masses. Thus the search for theoretical schemes which could explain this Yukawa structure is of the utmost importance.

In the last 25 years the idea that there could be more than four dimensions has been pursued intensively, particularly due the study of string theory which is naturally defined in 10 or 11 dimensions. Extra dimensions offer in principle the possibility of computing Yukawa couplings in terms of the extra-dimensional geography. Indeed, starting from a (D+4)-dimensional field theory and compactifying D dimensions one may get massless modes with factorized wavefunctions ψ(x) × ϕ(y), with x(y) denoting Minkowski and extra dimensions respectively. Gauge boson components A^i in extra dimensions give rise to scalars at low energies and Yukawa couplings are thus expected to appear upon compactification from the higher dimensional gauge vertex interaction A^M ΨΓ_M Ψ. Qualitatively the Yukawa coupling constants may be computed from overlap integrals over extra dimensions of the form [1, 2] Y_{ij} = ∫ dy^Dϕ_i(y)ϕ_j (y)A(y) . (1.1)

Unfortunately it is not easy to find compactifications in which:

• One has chiral fermions, as required in the SM.

• One can solve the Dirac and Laplace equations to obtain explicit expressions for the wavefunctions in extra dimensions.

• One can explicitly work out the overlap integrals and actually compute the Yukawa couplings.

– 2 –

Our main goal in the present article is to perform such a type of computation in a class of theories of potential phenomenological interest. We consider as our starting point 10-dimensional super-Yang-Mills (SYM) theory as the best motivated extra dimensional field theory, since it appears in the low-energy limit of type-I, type IIB and heterotic string theories. However one can easily apply the results (i.e. the solutions of Dirac and Laplace equations as well as the computation of overlap integrals) to other lower dimensional D = 6, 8, as we discuss below.

We compactify D = 10 SYM on a 6-torus T^6 and, in order to obtain chiral fermions, we add constant magnetic flux through the torus [3]–[6]. The fact that one may obtain chiral fermions in the presence of explicit gauge field backgrounds is well known [7]. However, in the present case we consider a simple toroidal geometry with constant gauge field backgrounds, so that one can explicitly find the eigenfunctions of the Dirac and Laplace equations in extra dimensions.^1 We find that in the case of a factorized torus T^{2n} the eigenfunctions are proportional to products of n Jacobi theta-functions with characteristics. The profile of the corresponding wavefunction densities in extra dimensions is gaussianlike, with the location of the maximum controlled by the possible presence of Wilson-line backgrounds (see figures 3, 4 and 5).

From these wavefunctions one can explicitly perform the overlap integrals and obtain the Yukawa couplings. The Yukawas so obtained are again products of n ϑ-functions but this time they depend both on the complex structure moduli of the tori as well as on the possible Wilson line backgrounds present in the compactification. In the case of a non-factorizable 6-torus one obtains analogous results but now one has instead generalized Riemann theta functions.

One of the main results of the present paper is the final expression for Yukawa couplings. In the case of a factorized 2n-torus, the Yukawa couplings between three fields labeled by integers i, j, k have the following general form:

Y_{ijk} = g_{4+2n} n∏ r=1 ( Im τ^{(r)} 2πA^{(r)} )_{1/4} | | | θ^{(r)}_I θ^{(r)}_J θ^{(r)}_K | | | 1/4 ·e^{H(r)/2}·ϑ [ δ^{(r)}_{ijk} 0 ] ( ζ̃^{(r)}, τ^{(r)}|I^{(r)}_I I^{(r)}_J I^{(3)}_K | ) . (1.2)

Here g_{4+2n} is the (4 + 2n)-dimensional gauge coupling constant in the dilute flux approximation,^2 τ^{(r)}, A^{(r)} are the complex structure and the areas of the r = 1, 2, 3 compact 2-tori whereas ζ̃^{(r)} describe the dependence on the Wilson line variables. ∏ r I^{(r)}_I are the number of generations of particles labeled by i. The quantity θ^{(r)}_I is the magnetic flux felt by such particle in the r^{th} 2-torus, which also signals the scale of new physics in this sector, more precisely the mass of the lightest massive replica of the chiral fermion i. H^{(r)} is a known function (see eq. (5.32)) of Wilson lines, complex structure and magnetic fluxes. It vanishes in the absence of Wilson lines. Finally, ϑ are standard Jacobi theta functions with characteristics, with the argument δ^{(r)}_{ijk} = i/I^{(r)}_I + j/I^{(r)}_J + k/I^{(r)}_K , being the only ‘flavour’

1Toroidal compactifications with constant field strenght are also known as ‘Torons’ [8]–[11]. The connection with D-brane physics has been adressed in [12]–[16]. For other related computations see [17].

2This coincides with the gauge couplings of the different gauge groups up to flux dependent corrections which are suppressed in the large volume limit.

– 3 –

(i, j, k) dependence of the Yukawa coupling. In a SUSY compactification the (holomorphic) superpotential should be identified with this product of ϑ-functions, whereas the rest of the factors should come from D-term normalization of three-point functions.

As we said, the natural setting for studying compactifications of D=10 super Yang- Mills is string theory, since it appears naturally in the effective field theory limit of type-I, type-IIB (with D9-branes) and heterotic strings. In fact, although the mentioned compactification and computations may be performed without any reference to string theory, in the present paper we will have always in mind the string theory point of view. In particular it is well known that type-IIB theory with D9-branes compactified on a (magnetized) T^6 is T-dual to type-IIA theory with D6-branes wrapping 3-cycles on T^6 and intersecting at angles.^3 In recent years string models with intersecting D-branes have been actively pursued in order to obtain realistic models of particle physics [4, 6, 18, 19, 20]. The main motivation for this is that in these schemes chiral fermions naturally appear at the points in compact space in which Dp-branes intersection Furthermore, since Dp-branes may intersect multiple times, this gives a rationale for the family replication present in the SM. A number of semirealistic models with the massless fermion spectrum of the SM or some N = 1 extension with three generations have been obtained [20]–[25].^4

In fact one of the motivations for the present investigation was to check how T-duality maps the results obtained for intersecting D-brane models to the effective action of type-IIB with D9-branes and magnetic fluxes. In particular, in ref. [27] we computed the ‘classical’ contribution to Yukawa couplings in type-IIA models with intersecting D6-branes. In this case one has to perform a sum over string worldsheet instanton contributions to obtain the final expression of Yukawa couplings, a pure stringy (non field-theoretical) computation. On the other hand T-duality tells us that equivalent Yukawa couplings should be obtained for the case of type-IIB theory compactified on T^6 with magnetic fluxes. In this second case the computation is purely field theoretical since one just starts from D = 10 SYM theory, compactifies and performs the overlap integral to obtain explicitly the Yukawa couplings, as described above. Thus on this flux side of the T-duality the computation is an exercise on Kaluza-Klein theory. Indeed we have found that the Yukawa couplings computed in both T-dual theories agree after appropriate transformations of the moduli and Wilson line variables. This is a non-trivial check given the completely different origin (stringy on the intersection side, field theoretical on the flux side) of both computations. Furthermore, the computation obtained in the present paper goes beyond the results obtained in [27] since we are also able to obtain all normalization factors and coefficients appearing in the Yukawa coupling. In the intersection side in order to obtain the normalization factors one has to compute the quantum piece of the appropriate string correlators as in refs. [28, 29]. We find agreement with those normalization factors in the limit of small intersecting angles in which they should coincide.^5

3Analogously, type-I theory on T^6 is T-dual to a type-IIA orientifold with D6-branes at angles [4]. 4Notice that the two last refs. in [24] do not correspond to geometrical intersecting D-brane models, but to type-II orientifold constructions on Gepner points. The model-building techniques in these particular cases are, nevertheless, similar to those in [20]. For previous literature on Gepner model orientifolds see [26].

5Actually there is a small discrepancy in that we find that the Γ-functions appearing in eq.(77) of ref. [28]

– 4 –

Due to the mentioned T-duality between the intersecting Dp-brane models on one side and magnetized toroidal type-I and type-IIB compactifications on the other side, all intersecting toroidal brane models constructed in ref. [4, 6, 18, 19, 20, 21, 22, 23, 24] admit a description in terms of the picture given in the present paper. In particular, the expressions here obtained may be used to compute the Yukawa couplings of the models in ref. [20] whose massless fermion spectrum is that of the non-SUSY SM or to those of the (local) N = 1 SUSY model in ref. [27]. With little changes they can also be applied to the computation of Yukawa couplings in the N = 1 orbifold models of refs. [25].

We would also like to emphasize that our results are also relevant for the phenomenological extra dimension models considered in recent years [31]. In particular it has been suggested [32] that, if fermions of different generations have gaussian-like profile in one extra dimension and are localized at distant points, one may obtain hierarchical Yukawa couplings from a one-dimensional overlap integral analogous to (1.1). Most of the specific models constructed [32, 31] obtain chirality from solitonic scalar backgrounds. We find the approach in the present paper more effective since it gives rise to chirality, family replication and gaussian-like profile in a natural and explicit way.

The plan of the paper is as follows. In the next section we briefly discuss the origin of Yukawa couplings in extra dimensional theories, leaving the details of the required dimensional reduction to appendix A, and the details of SUSY compactifications to the appendix B. In section 3 we address the computation of the eigenstates of the Dirac and Laplace operators in T^{2n} toroidal compactifications. These provide us with the wavefunctions of the light fields of the compactification, which are proportional to Riemann and Jacobi ϑ-functions and have a gaussian profile. In section 4 we generalize our results to the case with non-abelian Wilson lines are present, in which the rank of the initial gauge group is in general lowered. Although quite interesting for rank reduction purposes, compactifications with non-abelian Wilson line are technically much more involved and, up to some subtle points which allow to differentiate θ_J from I_J /A, the final result for the Yukawa couplings is similar to the one obtained with the abelian Wilson line case. The reader not interested in those details may safely skip this section.

Armed with the wavefunctions of chiral fermions and light scalars we address in section 5 the computation of Yukawa couplings, by explicitly performing the integrals which measures the overlap of three wavefunctions. In the case of SUSY compactifications we rewrite our results in terms of a superpotential and Kähler potential factors. This analysis is extended in the following section to the case of D-branes of lower dimension (e.g. D5-branes) which are quite relevant for the construction of specific models. A detailed comparison with the results obtained in the T-dual models (involving intersecting D-branes) is given in section 7, where the Yukawa couplings in both sides of the T-duality are seen to match. We also comment on the action that T-duality has on chiral fields, as can be deduced from this matching. As a simple application of the general results in this paper, in section 8 we present a 3-generation MSSM-like model and obtain the relevant Yukawa couplings using our formulas. Some final comments and discussions are left for section 9.

should have a 1/4 power instead of 1/2. This has also recently been independently pointed out in [30].

– 5 –

2. Yukawa couplings in Kaluza-Klein theories

In this section we motivate the study of magnetized compactifications in order to achieve D = 4 chiral models from extra dimensions. We describe as well the general strategy that we follow to compute three-point functions in such models. We refer the reader to the appendix A or [2] for a more detailed discussion.

2.1 D = 10 N = 1 Super Yang-Mills compactifications with magnetic fluxes Let us consider N = 1 D = 10 supersymmetric Yang-Mills theory, whose lagrangian density is simply given by L_{SY M} = − 1 4g^2 Tr { F^{MN} F_{MN} } + i 2g^2 Tr {¯ λΓ^M D_M λ } (2.1)

where the trace is performed in the adjoint representation of a gauge group G, and M, N = 0, . . . , 9. The gauge group field strength F_{MN} and covariant derivative D_M are given by

F_{MN} = ∂_M A_N − ∂_N A_M − i[A_M , A_N ] (2.2) D_M λ = ∂_M λ − i[A_M , λ] (2.3)

both the ten-dimensional vector A_M and the spinor λ transforming in the adjoint of G. Notice that the Yang-Mills coupling constant g has dimensions of (mass)^{−3} in D = 10.

In order to obtain a D = 4 theory at low energies, we should consider the above theory compactified on a six-dimensional compact manifold M_6, so that we recover fourdimensional physics at energies below the compactification scale M_c. Indeed, in general the ten-dimensional fields A_M and λ admit a decomposition of the form

λ(x^μ, y^m) = ∑ n χ_n(x^μ) ⊗ ψ_n(y^m) (2.4)

A_M (x^μ, y^m) = ∑ n φ_{n,M} (x^μ) ⊗ ϕ_{n,M} (y^m) (2.5)

where x^μ μ = 0, . . . , 3 and y^m, m = 4, . . . , 9 stand for the non-compact and internal dimensions, respectively. The internal wavefunctions ψ_n, ϕ_{n M} can be chosen to be eigenstates of the corresponding internal wave operator

iD/_6ψ_n = m_nψ_n (2.6) Δ_6ϕ_{n,M} = M^2_{n,M} ϕ_{n M} (2.7)

By applying the equations of motion, we find that the Dirac mass of the four-dimensional spinor χ_n is given by m_n, and so on. The lightest Kaluza-Klein replica then sets the scale of energy below which we recover a D = 4 physics governed by massless fermions and light scalars. In practice, however, it turns out that plain compactifications on smooth M_6 leave the gauge group G unbroken, the rank of G being usually too high to accommodate semirealistic interactions^6. Moreover, the computation of the Dirac index shows that such compactifications lead to non-chiral spectra in four dimensions [2].

6Whereas at the classical level any group G (or a direct product of these) is acceptable, at the quantum level anomaly cancellation imposes restrictions on the allowed gauge groups.

– 6 –

Figure 1: Magnetized compactification. In the limit of large volume and diluted fluxes the field theory compactification with magnetic fluxes captures the underlying string theory physics.

Both unwanted features can be avoided by introducing non-trivial expectation values for the gauge field A_M [7]. Indeed, since we are only interested in preserving Poincaré invariance in the four non-compact dimensions, we are entitled to consider non-vanishing v.e.v.’s ⟨A_m(y)⟩, m = 4, . . . , 9. On the one hand, the gauge group G will be reduced to a subgroup H ⊂ G commuting with the subgroup J which contains ⟨A_m(y)⟩. On the other hand, a non-trivial gauge field modifies the Dirac operator and hence the computation of the Dirac index, and may introduce a chiral asymmetry that allows for a chiral massless spectrum [2, 7]. We hence find that compactifications with non-trivial gauge fields ⟨A_m(y)⟩, or equivalently, magnetized M_6 compactifications with ⟨F_{mn}⟩ ≠ 0, provide a natural way of achieving D = 4 chiral theories with reduced gauge group (See figure 1).

In addition, the introduction of a magnetic field in the compactification may not only lead to chiral matter but also to replication of chiral fermions, since the Dirac equation for the internal fermionic wavefunction D/_6ψ = 0 may yield several independent degenerate solutions, labeled by ψ_j (y). In order to get canonical kinetic terms, these internal wavefunctions must satisfy ∫

M_6

d^6y ψ_j(y)^†ψ_k(y) = δ_{jk} (2.8)

the same condition applying to bosonic wavefunctions.

Finally, given the internal wavefunctions ψ_j , ϕ_k corresponding to the D = 4 chiral fermions and lightest scalars, it is possible to compute the Yukawa couplings between them, as an overlap between three wavefunctions. Indeed, the fermionic part of the D = 10 SYM action (2.1) contains a term of the form A · λ · λ, which upon dimensional reduction yields the Yukawa coupling^7 Y_{ijk} = ∫ M ψ^{a†}_i Γ^m ψ^b_j ϕ^c_{k,m} f_{abc} (2.9)

where f_{abc} are the structure constants of the initial gauge group G. Notice that formula (2.9) provides us with the three-point function or normalized Yukawa coupling, i.e., not only contains the trilinear coupling of the superpotential W_{ijk}, but also all the normalization factors coming from the Kähler potential/kinetic terms. Moreover, this expression is completely general, in the sense that we are not making any assumption on the holonomy of the compact manifold M_6 or considering any particular embedding of the spin connection in the gauge group G.

7See appendix A for a more detailed discussion of the derivation of this formula.

– 7 –

2.2 Models with fluxes on D = 6, 8 dimensions

The choice of D = 10 SYM naturally arises from considering the low energy effective action arising from heterotic and type-I theories, which are the simplest superstring theories involving gauge interactions. From the field theoretical point of view, however, we could consider e.g. the lagrangian (2.1) in D dimensions, D being even. The dimensional reduction scheme performed for D = 10 can be generalized for arbitrary D, obtaining a formula for the three-point function similar to (2.9), but now with dim(M) = D − 4.

It is in fact easy to build string based models where such D = 6, 8 lagrangians appear. Let us for instance consider type-IIB string theory. Now, instead of compactifying it in a six-dimensional smooth manifold M_6, let us consider the possibility that M_6 presents a Z_N orbifold singularity, in such a way that in the vicinity of the singularity the metric can be written as T^{2n} × C^{3−n} /Z_N . We can then place a stack of N D(3 + 2n)-branes at such singular point, wrapping the T^{2n} completely. In general, the worldvolume of N D(3 + 2n)-branes in flat space will yield a massless sector containing a N = 1 D = 4 + 2n U(N) gauge field theory, plus some extra matter transforming in the adjoint of this group. This extra matter is associated to the directions transverse to the D-branes, and signals the possibility of translating the D-brane in these directions. Now, since we are placing our D-branes at an orbifold point, these degrees of freedom are removed by the orbifold projection, and we are left with a much simpler massless spectrum, which still contains a D-dimensional gauge theory. We can now turn on non-trivial magnetic fluxes F on the T^{2n} which is wrapped by the D(3 + 2n)-branes. The final chiral fields will be given by the eigenstates of the Dirac equation on T^{2n} which survive the Z_M orbifold projection. Notice that the chiral fields live on the worldvolume of the D-brane and are hence trapped in 4 + 2n dimensions. Thus the overall wavefunction of the massless modes will have a non-trivial profile on T^{2n} but will be a delta function in the rest of the dimensions. We then can apply the general formula (2.9) in order to obtain the Yukawa couplings between chiral fermions and scalars.

Actually, this kind of construction is related by T-duality to certain intersecting D4 and D5 brane models proposed in [6, 18], where the orbifold singularity was essential in order to get a D = 4 chiral spectrum. In fact, any of the semi-realistic models constructed in this intersecting D-brane picture can be translated to the magnetized extra dimension language, where the field theory techniques can be applied in order to compute quantities as, e.g., three-point functions.

Let us illustrate these facts with a simple example. Namely, let us consider a geometry which is locally of the form T^2×C /Z_N , and place N_a D5-branes wrapping T^2 and expanding the four non-compact Minkowski dimensions. The action of the orbifold group on the open string spectrum is specified by a geometrical twist and the Chan-Paton action

γ_{ω,a} = diag ( 1_N 0_a , e^{2πi 1N} 1_N 1_a , . . . , e^{2πi N−1N} 1_N N−1_a ) , (2.10)

where we have to impose ∑_{N−1} i=0 N^i_a = N_a. If we choose a supersymmetric orbifold twist

– 8 –

Figure 2: General magnetized extra dimension scenario, involving compactifications with orbifold singularities. The gauge theory (D-brane) is just localized at the orbifold singularity.

then we obtain a D = 6 N = 1 supersymmetric spectrum, given by [6]

Vector Multiplet N∏ i=1 U(N^i_a)

Hypermultiplet N∑ i=1 (N^i_a, N^{i+1}_a ) . (2.11)

The addition of magnetic fluxes on T^2 will further break the gauge group to a product of unitary gauge groups. The techniques described in this paper can then be applied to this field theory. In particular, the Yukawa couplings are obtained by considering correlators of light fields respecting the Z_N projection and performing the overlap integral over the 2-torus. The final answer will then given by an expression like (1.2) for n = 1.

Analogous D = 8 flux models may be obtained starting from type-IIB D7-branes wrapping a 4-torus and located at a Z_N singularity in the remaining two transverse dimensions. After addition of magnetic flux on the T^4 the gauge group is broken and chiral fields in bifundamental representations will appear. The massless modes will have non-trivial profiles on T^4 and again the Yukawa coupling will be obtained by computing an overlap integral over T^4 and imposing Z_N invariance. The final answer will again given by an expression like (1.2) but for n = 2.

– 9 –

Again, note that these two classes of models are T-dual to the D4 and D5 intersecting brane models of ref. [6], and hence our formulae below provide us with the Yukawa couplings for these other classes of models.

3. Toroidal wavefunctions I: abelian Wilson lines

In order to compute the Yukawa couplings from the formula (2.9) we first need to have an explicit expression for the internal wavefunctions corresponding to massless modes in the low-dimensional theory. In the following we will compute such wavefunctions for toroidal magnetized compactifications. We will be particularly interested in how the wavefunctions depend on the Wilson lines involved in the compactification,^8 since eventually the Yukawa couplings will have a rich dependence on those.

We have decided to divide the computation of wavefunctions in two different sections. In the present one, we first consider the simplest possible case of wavefunction. That is a particle in a T^2, charged under an abelian gauge field, and in the presence of a magnetic flux. This example already illustrates the general form of the wavefunctions, which can be elegantly expressed in terms of Jacobi ϑ-functions. We then proceed to consider a more interesting example, which describes the wavefunctions in a magnetized compactification with gauge group breaking U(N) → U(1)^N . In this case chiral fermions charged under any couple of U(1)’s appear. The results equally apply to a model with fluxes breaking U(N) → ∏ U(N_a) with ∑ N_a = N, in which case chiral fermions transforming as bifundamental representations appear. This is of course the phenomenologically interesting case in which e.g., a gauge group U(3) × U(2) × U(1) may be obtained, with chiral fermions transforming as bifundamentals.

To be complete in the next section we will consider the more general case where nonabelian Wilson lines are present. In this case the rank of the initial group will be reduced. Specifically, the final gauge group is of the general form ∏ α U(N_α) and ∑ α N_α ≤ N. This more general case is also of great interest when considering a initial gauge group whose rank is much larger than six. It involves, however, a more technical computation and, for the specific purpose of computing Yukawa couplings enough insight can be gained by considering the ‘abelian’ case. The reader not interested in the technicalities of the general case may then safely skip section 4.

3.1 Eigenfunctions of the Dirac equation on T^2

3.1.1 Abelian gauge field

Let us consider a flat two-dimensional torus T^2 ≃ C /Λ, where Λ is a two dimensional lattice generated by e_1 = 2πR and e_2 = 2πRτ, τ ∈ C . The dual one-forms are defined as dx^i(e_j ) = δ^i_j , i, j = 1, 2. The metric is then given by

ds^2 = g_{ij} dx^idx^j = 2h_{μν̄} dz^μdz̄^{ν̄} (3.1)

8This Wilson line dependence has been usually neglected in the previous literature. It is, however, of central interest when considering Yukawa couplings.

– 10 – g = (2πR)^2 ( 1 Re τ Re τ |τ|^2 ) h = (2πR)^2 ( 0^1_{21} 2 0 ) (3.2)

where dz = dx_1 + τdx_2. T^2 being a Riemann surface, any magnetic flux F solving Yang- Mills equations must be constant. In particular, let us consider an abelian magnetic flux such that ∫ T^2 F = b, that is F = b Im τ i 2 (dz ∧ dz̄) = b √ |g| ω , (3.3)

where ω is the Kähler form derived from (3.2). Notice that, when expressed in terms of complex coordinates (z, z̄), no dependence of the area A = 4π^2R^2 Im τ appears in the definition of F . This flux can be derived from the vector potential A(z) = b 2 Im τ

Im(z̄dz) , (3.4)

whose transformations under lattice translations are

A(z + 1) = A(z) + b 2 Im τ

Im dz ⇒ χ_1 = b 2 Im τ

Im z

A(z + τ) = A(z) + b 2 Im τ

Im τ̄dz ⇒ χ_2 = b 2 Im τ

Im τ̄ z (3.5)

where we have deduced the corresponding gauge transformations A → A + dχ_i. We now consider a complex field ϕ(z) with charge q under the U(1) gauge field given by A. Its transformation under torus translations are given by ϕ(z) → exp (iqχ_i)ϕ(z), that is ϕ(z + 1) = e^{iqχ1(z)}ϕ(z) = exp { i qb 2 Im τ

Im z } ϕ(z) ϕ(z + τ) = e^{iqχ2(z)}ϕ(z) = exp { i qb 2 Im τ Im τ̄z } ϕ(z) (3.6)

Consistency of such transformations under a contractible loop in T^2 implies Dirac’s charge quantization b 2π = M ∈ Z . (3.7)

We can now implement Wilson lines in this language. The simplest way is introducing a constant complex number ζ = ζ_1 + τζ_2 such that

χ_1 = πM Im τ

Im(z + ζ)

χ_2 = πM Im τ

Im τ̄(z + ζ) . (3.8)

Notice that we can identify these gauge transformations as Wilson loops

χ_1 = ∮ γ_1

A(z) , γ_1(s) = s

χ_2 = ∮ γ_2 A(z) , γ_2(s) = sτ s ∈ [0, 1] (3.9)

– 11 – which implies that now we have a vector potential of the form A(z) = πM Im τ Im ( (z̄ + ζ̄)dz ) . (3.10)

Any complex field ϕ with charge q under such U(1), no matter in which Lorentz representation, will be described by a wavefunction that transforms in terms of χ_1, χ_2 under lattice translations. We can express such wavefunction as ϕ(z) = e^{i qMπ2 Im τ Im[(z+ζ)2]} · θ(z, z̄) (3.11) where the function θ must have the transformation properties θ(z + 1) = θ(z) θ(z + τ) = e^{−πiqM Re τ} e^{−2πiqM Re(z+ζ)} θ(z) (3.12) Given the transformation properties of the function θ, we can expand it in a Fourier series along one of the real coordinates of z = x + τy. More explicitly, we can write θ(x, y) = ∑ n∈Z c_n(y)e^{2πinx} (3.13)

the second boundary condition in (3.12) being translated into c_n(y + 1) = c_{n+qM} (y) e^{−πiqM[Re τ (1+2y)+Re ζ]} (3.14) 3.1.2 Dirac zero modes In order to compute the Dirac operator we need to specify a set of gamma matrices satisfying the Clifford algebra.

{Γ^a, Γ^b} = 2δ^{ab} (3.15) for T^2 we can choose the hermitian matrices

Γ^a = ( 0 1 1 0 ) , Γ^b = ( 0 −i i 0 ) , (3.16)

In order to translate this algebra to the holomorphic coordinate frame, we proceed in two steps. We first consider the vielbein e g_{ij} = e^a_i e^b_j δ_{ab} , i.e., g = e^t · 1 · e . (3.17) which in our case is e = (2πR) ( 1 Re τ 0 Im τ ) (3.18)

and which allows to express the Clifford algebra in the more geometrical coordinate frame by defining Γ^i = e^i_aΓ^a, e^i_a being the inverse of the vielbein (3.17). These new matrices satisfy {Γ^i, Γ^j } = 2g^{ij} , g^{ij} being the inverse of g in (3.17). In order to express this algebra in holomorphic coordinates we perform a further transformation f = (f^μ_i , f^{μ̄}_i ) such that h_{μν̄} = f^i_μf^j_{ν̄} g_{ij} = f^i_μe^a_i f^j_{ν̄} e^b_j δ_{ab} , i.e., h = (e · f)^t(e · f) . (3.19)

– 12 –

In our case

f^{−1} = ( 1 τ 1 τ̄ ) (3.20)

so that we finally obtain

Γ^z = (2πR)^{−1} ( 0 2 0 0 ) , Γ^{z̄} = (2πR)^{−1} ( 0 0 2 0 ) . (3.21)

We also need to specify the covariant derivative

∇_i = ∂_i + ω_i + A_i = ∂_i + 1 2 ω^{kl}_i Σ_{kl} + A^α_i T_α (3.22)

where Σ^{kl} =^1_4 [Γ^k, Γ^l] are the anti-hermitian generators of Lorentz transformations and T_α those of gauge transformations. Since we are in flat space we will take the spin connection ω^{kl}_i to vanish. In the case of an abelian gauge field on T^2 with T_α = −i we hence have ∇_i = ∂_i − iqA_i. We are finally able to compute the Dirac operator iD/ = D̄/ + D̄/^† = i ∑ ā Γ^ā∇_ā + i ∑ a Γ^a∇_a (3.23)

which in our case is given by iD/_2 = i ( 0 −D^† D 0 ) = i πR ( 0 ∂ − q^{πM}_{2 Im τ} (z̄ + ζ̄) ¯∂ + q^{πM}_{2 Im τ} (z + ζ) 0 ) (3.24)

Let us now consider a two-dimensional spinor in T^2 Ψ(z, z̄) = ( ψ_+ ψ_− ) , (3.25)

transforming under U(1) gauge field (3.10) with charge q. Hence both wavefunctions ψ_± can be written in the form (3.11), (3.13). Such spinor will contain a zero-mode of of the Dirac operator if it is annihilated by D/, which implies

Dψ_+ = 0 ⇒ ( ¯∂ + πiqM Im τ

Im (z + ζ) ) · θ(z, z̄) (3.26)

D^†ψ_− = 0 ⇒ ( ∂ − πiqM Im τ

Im (z + ζ) ) · θ(z, z̄) . (3.27) Let us first consider eq. (3.26). By using the Fourier decomposition (3.13) the zero-mode condition can be translated into the first order differential equation c^′_n(y) c_n(y) = −2πqM(Im τy + Im ζ) + 2πnτ (3.28) ⇒ c_n(y) = k_n e^{−πqM (Im(z+ζ))} 2 Im τ e2πinτ y , (3.29)

– 13 – k_n being a constant. Inserting this solution into (3.11), (3.13) we find that our wavefunction is given by ψ_+ = e^{iπqM(z+ζ) Im(z+ζ)Im τ} · ∑ n∈Z k_n e^{2πinz} (3.30)

thus being a holomorphic function up to a global function, as was to be expected from the general discussion in appendix B. Now, we can find the constant coefficients k_n by imposing the recurrence relation (3.14) into (3.29), obtaining k_n = N_n e^{πi n} 2τ qM e^{2πinζ} (3.31) where N_n = N_{n+qM} are |M| arbitrary constant coefficients.

The existence of |M| independent coefficients signals the fact that the Dirac equation has |M| independent solutions, each of them having a different wavefunction ψ^j_+ j = 0, . . . , |M| − 1. Indeed, we can obtain such wavefunctions by splitting the summation index in (3.30) as n = r · M + j, and taking the overall factor N_j out of the sum (3.30). We then learn that we can express the final solution in a rather elegant way. Namely, as ψ^j_+(z) = N_j · e^{iπqM(z+ζ) Im(z+ζ)Im τ} · ϑ [_j qM 0 ] (qM(z + ζ), qMτ) (3.32) where ϑ is given by the Jacobi theta-function ϑ [ a b ] (ν, τ) = ∑ l∈Z e^{πi(a+l)2 τ} e^{2πi(a+l)(ν+b)} . (3.33)

The fact that the final set of solutions (3.32) satisfies the transformation properties defined by (3.8) can be easily checked by using the modular transformation properties of ϑ-functions: ϑ [ a b ] (ν + n, τ) = e^{2πina} · ϑ [ a b ] (ν, τ) (3.34)

ϑ [ a b ] (ν + nτ, τ) = e^{−πin2τ −2πin(ν+b)} · ϑ [ a b ] (ν, τ) . (3.35)

A parallel discussion can be done for (3.27). In order to summarize our results, let us define the function ψ^{j,N} (τ, ν) = N_j e^{iπNν Im ν/ Im τ} · ϑ [_j N 0 ] (Nν, Nτ) . (3.36) Where the constants N_j will be soon specified. In terms of (3.36) we can define the wavefunctions ψ^j_+ ≡ ψ^{j,qM} (τ, z + ζ) (ψ^j_+)^∗ = ψ^{−j,−qM} (τ̄, z̄ + ζ̄) ψ^j_− ≡ ψ^{j,qM} (τ̄ , z̄ + ζ̄) (ψ^j_−)^∗ = ψ^{−j,−qM} (τ, z + ζ) (3.37)

– 14 – where the star denotes complex conjugation. Is easy to see that

Dψ^j_+ = 0 (q = +1) D^†(ψ^j_+)^∗ = 0 (q = −1) (3.38) D^†ψ^j_− = 0 (q = +1) D(ψ^j_−)^∗ = 0 (q = −1) . (3.39)

We can interpret ψ^j_+ as the wavefunctions corresponding to left-handed fermions in 4D, while (ψ^j_+)^∗ represent their anti-particles. Right-handed fermions would then be given by ψ^j_− and their anti-particles by (ψ^j_−)^∗.

Notice the important fact that the solutions (3.38) and (3.39) are mutually exclusive, in the sense that the theta function defining ψ^j_+ will only converge if M > 0, whereas ψ^j_− is only well-defined when M < 0. Hence, by introducing a non-trivial flux M ≠ 0 we automatically select one of the two chiralities of the two-dimensional spinor (3.25). Moreover, we obtain several replicas of such chiral fermions, by means of the |M| independent solutions of the Dirac equation.

3.1.3 Normalization Once that we have found a basis of linearly independent wavefunctions, we proceed to express everything in terms of a orthonormal basis. This will allow us to have canonically normalized kinetics terms in four-dimensional reduced action. In terms of the internal wavefunctions we just found, this amounts to impose the following normalization condition ∫ T^2

dzdz̄ψ^j_±(ψ^k_±)^∗ = δ_{jk} , (3.40)

which is nothing but condition (2.8) for the particular two-dimensional case at hand. For the sake of concreteness, let us impose the normalization condition for ψ_+. In terms of the wavefunctions (3.36) we have ψ^j_+(ψ^k_+)^∗ = ψ^{j,qM} (τ, z + ζ) · ψ^{−k,−qM} (τ̄ , z̄ + ζ̄) ∼ ψ^{j,qM} (τ, z) · ψ^{−k,−qM} (τ̄, z̄) = N_jN_k · e^{−2πqM·(Im z)2/ Im τ} · ϑ [_j qM 0 ] (zqM, τqM) · ϑ [_{−k} qM 0 ] (−z̄qM, −τ̄qM)

= N_jN_k · e^{−2π·(Im z′)2/ Im τ ′} · ϑ [_j qM 0 ] (z^′, τ^′) · ( ϑ [_k qM 0 ] (z^′, τ^′) )_∗ , (3.41)

where in the second line we have get rid of the constant ζ, which will play no role when integrating over z. The last line, upon the redefinition z^′ = qMz and τ^′ = qMτ, is just the usual scalar product of theta functions, seen as holomorphic sections of a line bundle over T^2 [33]. Indeed, integration over Re z imposes the condition j = k, and equality on the summation indices of the theta functions

∫_1 0 d (Re z) → e^{−2πqM·[Im z]2/ Im τ} · ∑ n e^{−2πqM Im τ} ( n+^j_{qM} )_2 e^{−4πqM} ( n+^j_{qM} ) Im z

= ∑ n e^{−2πqM Im τ} ( n+^j_{qM} +^{Im z}_{Im τ}

)_2

(3.42)

– 15 –

It is now easy to integrate over Im z/ Im τ, since

∫_1 0 d ( Im z Im τ ) ∑ n e^{−2πqM Im τ} ( n+^j_{qM} +^{Im z}_{Im τ}

)_2 = ∑ n ∫_1 0 d ( Im z Im τ ) e^{−2πqM Im τ} ( n+^j_{qM} +^{Im z}_{Im τ}

)_2

= ∫_∞ −∞ dx e^{−2πqM Im τ x2} . (3.43) We thus find that, in order to satisfy (3.40), that the wavefunctions (3.32) must be multiplied by the normalization factor

N_j = ( 2 Im τ|M| A^2 )_{1/4} , ∀j (3.44)

where we have used the fact that, for ψ^j_+, qM = |M|. The computation for ψ_− give us the same result.

3.2 Chiral matter eigenfunctions The previous section illustrates the general philosophy we will use in order to compute the internal fermionic wavefunctions in our magnetized compactifications. In the application to Magnetized Extra Dimensions, however, we need to consider a more general setup. Indeed, in general our effective field theory will be described by a U(N) higher dimensional theory broken to ∏ i U(N_i), when turning on non-trivial magnetic fluxes. The chiral spectrum will arise from fermions transforming in bifundamental representations (N_a, N̄_b). Let us first consider that we have a two-torus with a magnetic flux of the form

F_{zz̄} = πi Im τ m_a m_b m_c . ..

, (3.45)

where the m_α α = a, b, c, . . . are N different numbers. Again, by Dirac’s quantization condition the magnetic quanta m_α are given by integers, and it can be seen that turning on this kind of flux implies the gauge group breaking U(N) → U(1)^N .^9 Let us then see how the previous computation of wavefunctions generalizes to this case.

3.2.1 Fermions in bifundamentals In order to compute the wavefunctions involved in a T^2 compactification with the flux (3.45), it is enough to consider the simpler case

F_{zz̄} = πi Im τ ( m_a m_b ) . (3.46)

That is, a gauge group breaking U(2) → U(1)_a × U(1)_b. From the point of view of D-brane physics, this can be seen as two D-branes a and b, each with a magnetic flux in its internal worldvolume proportional to m_a and m_b, respectively.

9See section 4 for a more general, systematic discussion of these facts.

– 16 –

Dirac equation. In the case at hand the gauge connection that can be chosen to be

A_{z̄} = A^α_{z̄} T_α = π 2 Im τ ( m_a(z + ζ_a) m_b(z + ζ_b) ) , (3.47)

A_z = A^α_z T_α = − π 2 Im τ ( m_a(z̄ + ζ̄_a) m_b(z̄ + ζ̄_b) ) , (3.48)

where T_a = ( −i 0 ) and T_b = ( 0 −i ) are the anti-hermitian generators of U(1)_a × U(1)_b ⊂ U(2). The Dirac operator is again given by iD/ = i ( 0 −D^† D 0 ) = i πR ( 0 ∂ + A_z ¯∂ + A_{z̄} 0 ) (3.49)

The zero modes of (3.49) can be easily found. Let us consider a two-dimensional spinor in T^2 transforming in the adjoint of U(2). Ψ(z, z̄) = ( ψ_+ ψ_− ) , ψ_± = ( A_± B_± C_± D_± ) (3.50)

Again, ψ_+ will contain any zero-mode of the Dirac operator if it is annihilated by D, which implies

Dψ_+ = (πR)^{−1} (¯ ∂ψ_+ + [A_{z̄}, ψ_+] )

= (πR)^{−1} ¯∂A_+ ( ¯∂ +^{πI}ab_{2 Im τ} (z + ζ_{ab}) ) B_+ ( ¯∂ −^{πI}ab_{2 Im τ} (z + ζ_{ab}) ) C_+ ¯∂D_+

= 0 (3.51)

where we have defined

I_{ab} ≡ m_a − m_b ≠ 0 (3.52) ζ_{ab} ≡ (m_aζ_a − m_bζ_b)/I_{ab} . (3.53)

On the other hand, the condition for ψ_− to contain zero modes is

D^†ψ_− = (πR)^{−1} (∂ψ_− + [A_z , ψ_−])

= (πR)^{−1} ∂A_− ( ∂ −^{πIab}_{2 Im τ} (z̄ + ζ̄_{ab}) ) B_− ( ∂ +^{πIab}_{2 Im τ} (z̄ + ζ̄_{ab}) ) C_− ∂D_− = 0 (3.54)

which is consistent with the fact that we must consider ψ_− = ψ^†_+, as Ψ comes from a higher-dimensional gaugino. Notice that from (3.51) we deduce that A_+, D_+ have to be holomorphic functions, whereas B_+, C_+ have to be of the form N · e^{±i πIabIm τ (z+ζab)·Im(z+ζab)} · ξ(z) , (3.55) respectively, where ξ(z) is an arbitrary holomorphic function, and N is a z-independent normalization factor.

– 17 –

Gauge transformations. In order to find the actual Dirac zero mode wavefunctions, however, we still have to impose them to be well defined in a gauge theory over T^2, that is, to have the appropriate U(2) transformations under lattice translations. The transformations of an adjoint field Ξ = ( A B C D ) are given by

Ξ(z) → Ω_i · Ξ(z) · Ω^†_i = ( e^{iχai (z)} 0 0 e^{iχbi (z)} ) · Ξ(z) · ( e^{−iχai (z)} 0 0 e^{−iχbi (z)} ) (3.56)

where χ^α_1 (z) = πm_α Im τ

Im(z + ζ_α)

χ^α_2 (z) = πm_α Im τ

Im τ̄(z + ζ_α) α = a, b . (3.57)

We hence find that A and D are invariant under lattice translations, whereas B and C transform as B(z + 1) = e^{iχab1 (z)}B(z) , B(z + τ) = e^{iχab2 (z)}B(z) C(z + 1) = e^{−iχab1 (z)}C(z) , C(z + τ) = e^{−iχab2 (z)}C(z) (3.58) where now

χ^{ab}_1 (z) = πI_{ab} Im τ

Im(z + ζ_{ab})

χ^{ab}_2 (z) = πI_{ab} Im τ

Im τ̄(z + ζ_{ab}) . (3.59)

Notice that these boundary conditions are the same found in the previous subsection. Indeed, the transformation properties (3.58) can be understood in terms of the functions (3.8), by making the substitution M → I_{ab} and ζ → ζ_{ab}. Finally, we must take q = 1 for the wavefunction B and q = −1 for C. We then find that the wavefunctions of (3.50) are given by B_+ = ψ^{j,Iab} (τ, z + ζ_{ab}) , C_+ = ψ^{j,−Iab} (τ, z + ζ_{ab}) (3.60) and B_± = (C_∓)^∗. Notice that both wavefunctions in (3.60) are again exclusive, and that B_+ will then vanish unless I_{ab} > 0, whereas C_+ will only be present for I_{ab} < 0.

On the other hand, we have found that A_±, D_± must be (anti)holomorphic and periodic under both lattice translations, for with the only possible solution is a constant function on T^2. These constant wavefunctions are to be identified with the gauginos of the unbroken gauge group U(1)_a × U(1)_b, whereas the off diagonal entries of Ψ are left and right-handed fermions transforming in the bifundamental representation of such gauge group. We then have

B_+ < ∞ ⇐⇒ I_{ab} > 0 Left-handed fermions in (+1, −1) of U(1)_a × U(1)_b C_+ < ∞ ⇐⇒ I_{ab} < 0 Left-handed fermions in (−1, +1) of U(1)_a × U(1)_b (3.61)

and thus we again obtain a chiral spectrum.

– 18 –

3.3 Eigenfunctions of the Laplace equation The wavefunctions (3.60) turn out to be not only solutions the Dirac equation, but also eigenfunctions of the Laplace operator. The eigenvalues of such eigenfunctions, and hence the mass of the corresponding scalars, will in general depend on the Kähler moduli of compactification. In order to see this, let us compute the square of the Dirac operator

(iD/)^2 = ( D^†D 0 0 DD^† ) = 1 2 {D^†, D} + (_1

2 [D^†, D] 0 0 −^1_2 [D^†, D] ) = Δ + (_{2iFzz̄} (2πR)^2 0 0^{2iFz̄z}_{(2πR)2} )

(3.62) where the Laplace operator is given by Δ = 2∑ μ=1 ∇_μ∇^μ = ∇^2_1 + ∇^2 , (3.63)

and F_{zz̄} by (3.46). We hence get that the action of the laplacian on such ab sector wavefunctions is Δψ^{j,±Iab} = ± 2πI_{ab} A ψ^{j,±Iab} = 2π|I_{ab}| A ψ^{j,±Iab} , (3.64) same for ( ψ^{j,±Iab} )_∗ . These Laplace eigenfunctions turn out to be the ones with smallest eigenvalue. Actually, the whole tower of eigenfunctions and eigenvalues can be recovered from them and the harmonic oscillator algebra [10, 15]. Indeed, notice that for each ab sector we have

Δ = N + 2π|I_{ab}| A , N = D^†D , [N, D^†] = 4π|I_{ab}| A D^† . (3.65)

This reminds of the harmonic oscillator quantum algebra, which can be recovered by defining a = √ A 4π|I_{ab}| D

a^† = √ A 4π|I_{ab}| D^† . (3.66)

The eigenfunctions and eigenvalues of the laplacian are then ψ^{j,±Iab} r = (D^†)^rψ^{j,±Iab} , (3.67)

λ_r = 2π |I_{ab}| A (2r + 1) > 0 . (3.68)

However, notice that this is not giving us the mass eigenvalues. From (A.25) we know that the mass matrix is of the form

M^2 = ( Δ −i4π^{Iab}_A i4π^{Iab}_A Δ ) (3.69)

– 19 –

The eigenvalues of such matrix are λ̃_r = λ_r ± 4π I^{ab} A (3.70)

which will give us one tachyonic scalar and the rest massive. The same tower of eigenstates will be present in the fermionic spectrum, the mass gap between the states being the same, but the lowest state corresponding to a massless fermion instead of a boson. This moduli-dependent spectrum describing a tower of massive fermions and scalars is the Tdual version of the ’gonions’ described in [18], for the case of D-branes intersecting at one angle on T^2.

3.4 Theta functions as wavefunctions Let us pause our derivation of toroidal wavefunctions for a while, and try to gain some intuition from our results so far. In the previous subsections we have found that, after introducing a constant magnetic flux in a pure U(N) super Yang-Mills theory living in a two-torus, we obtain a broken gauge group G ⊂ U(N) and a chiral spectrum. The wavefunctions of such spectrum are given by either constant wavefunctions, which are to be associated with gauge bosons and gauginos of G, or by the non-trivial functions ψ^j (z), which will represent both chiral fermions and scalars in the dimensionally reduced theory. The mass splitting between fermions and bosons will be proportional to the flux density [3].

The chiral matter eigenfunctions are given by (3.36)

Figure 3: Probability density ρ(z) = |ψ(z)|^2 for a square T^2 with one unit of magnetic flux and vanishing Wilson line. The density ρ presents a symmetric, gaussian-like behaviour in the two axis of the T^2 x and y, being peaked at (0, 0).

which, up to some normalization and exponential factors, are holomorphic Jacobi theta-functions. The exponential factor presents (up to phases) a gaussian behaviour on the torus coordinate y =^{Im z}_{Im τ} ∈ [0, 1]. On the other hand, the theta function dependence on z seems much harder to visualize. One can develop some intuition by plotting the square modulus of the wavefunction ψ^{j,N} (τ, z), associated to the ‘probability density’ ρ(z) = |ψ(z)|^2 of finding a quantum particle with such wavefunction.

We show such density in figure 3, for the particular case of a square torus (τ = i) with one unit of magnetic flux N = 1 and no Wilson line ζ = 0. We then find a square density which presents a gaussian-like behaviour in both axis of the T^2 x and y being, as well, a ‘periodic’ function under lattice translations in both directions. The probability density of such function is peaked in (x, y) = (0, 0), while it vanishes at (x, y) = (^1_2 ,^1_2 ). Of course, this is only in the particular case of ζ = 0, and these two points will be conveniently shifted by varying the Wilson line. In general, the maximum and minimum of ρ will be placed at z = −ζ and z =^1_2 τ − ζ. Notice that the minima and maxima of a wavefunction density may be crucial in the final computation of a Yukawa coupling, since a 3-point function is given by a overlap of three such functions, and the minima or maxima of such can lead to enhanced or suppressed Yukawa couplings.

– 20 –

Figure 4: Probability densities ρ^j (z) = |ψ(z)^{j,3}|^2 for a square T^2 with triplication of the chiral spectrum. The gaussian-like behaviour is now present in only one axis of the torus, namely in the coordinate y = Im z/ Im τ. The gaussians are similar to each other, and centered at the points y = −j/3. Let us now consider a more generic case, namely when N ≠ 1 and the spectrum of wavefunctions is composed of several replicas of the same chiral fermion/scalar. Let us choose N = 3 (corresponding to 3 generations of the given fermion), which is moreover a phenomenologically interesting case, and plot the probability density ρ^j = |ψ^{j,3}| for j = −1, 0, 1.^{10} We show our results in figure 4. What we observe is that the three wavefunctions are similar, but shifted with respect to each other in the y = Im z/ Im τ direction, by units of 1/3 times the length of this radius. We find, moreover, that we have lost the symmetric gaussian-like behaviour. Indeed, each of the wavefunctions’ density has a gaussian profile in the y axis of the torus, while it seems to be more or less constant in the x direction. Since we are considering ζ = 0, the gaussians are peaked at y = −j/3.

At first sight it might seem quite striking that we have lost the x ↔ y symmetry of figure 3. After all, there is nothing special in our problem regarding the y axis. A second thought reveals that this is just a matter of conventions. Namely, a matter of the choice of the particular basis which describes our space of wavefunctions. Indeed, a orthonormal basis for the vector space of wavefunctions with ‘weight’ N is giving by either [34] ψ^{j,N} (τ, ν) = N · e^{iπNν Im ν/ Im τ} · ϑ [_j N 0 ] (Nν, Nτ) , j = 1, . . . , (3.71) or χ^{j,N} (τ, ν) = N √ N · e^{iπNν Im ν/ Im τ} · ϑ [ 0_j N ] ( ν, τ N ) , j = 1, . . . , N (3.72)

where N is given by (3.44). These two bases are related by a discrete Fourier transform χ^{j,N} = 1 √ N ∑ k e^{2πi jkN} ψ^{k,N} (3.73) ψ^{k,N} = 1 √ N ∑ j e^{2πi kjN} χ^{j,N} . (3.74)

10Recall that in general j is an index defined mod |N| so, for N = 3, j = −1 ∼ j = 2, etc.

– 21 –

Each of these two bases is suitable for describ-

Figure 5: Probability density of an element of the alternative basis (3.72), ρ̃(z) = |χ(z)^{j,N} |^2 for a square T^2. We have chosen N = 3, j = 0 and ζ = 0, so that we are describing the same spectrum as in the figure 4. Notice that the squared density is a π/2 rotation of the wavefunction in figure 4.

ing the chiral spectrum of our compactification, being just related by a global unitary rotation in the space of wavefunctions. By plotting the densities of the elements of the alternative basis (3.72), we find a probability density where the roles of x and y have been interchanged, as figure 5 shows.

It turns out that the choice of basis ψ^{j,N} or χ^{j,N} has a nice physical meaning from the point of view of string theory. We will unveil it when comparing our results with those found in Intersecting D-brane scenarios by means of T-duality.

3.5 Generalization to T^{2n} Let us now address how the previous computations generalize to magnetized compactifications in higherdimensional tori. We will first address the case where T^{2n} is a factorizable torus, and leave the more general case for the next section. Although the computations of wavefunctions becomes more technical, the final answer can be expressed as a product of n wavefunctions in T^2.

A factorizable 2n-dimensional torus can be decomposed as a product of two dimensional tori, that is

T^{2n} ≃ n T^2 × . . . × T^2 . (3.75) In that case, both the vielbein e and holomorphic transformation f matrices are given by a direct sum of 2 × 2 matrices e = n⨁ r=1 ( 2πR^{(r)} ) ( 1 Re τ^{(r)} 0 Im τ^{(r)} ) , f^{−1} = n⨁ r=1 ( 1 τ^{(r)} 1 τ̄^{(r)} ) . (3.76)

where r = 1, . . . , n labels each factor of T^2 in (3.75). As a consequence, the Clifford algebra in holomorphic coordinates can be reproduced by the following set of gamma matrices

Γ^r = ( 2πR^{(r)} )_{−1} 1 ⊗ . . . ⊗ 1 ⊗ σ^z ⊗ σ^3 ⊗ . . . ⊗ σ^3 Γ^{r̄} = ( 2πR^{(r)} )_{−1} 1 ⊗ . . . ⊗ 1 ⊗ σ^{z̄} ⊗ σ^3 ⊗ . . . ⊗ σ^3 (3.77)

where σ^z, σ^{z̄} are inserted in the r^{th} position, and we define

σ^3 = ( 1 0 0 −1 ) , σ^z = ( 0 2 0 0 ) , σ^{z̄} = ( 0 0 2 0 ) . (3.78)

Now, let us consider the addition of a constant magnetic flux F in this background. We will consider F to be a (1, 1)-form^{11} in the complex structure defined by (3.75) and (3.76).

11This condition is related to the hermitian Yang-Mills equations on gauge bundle compactifications. See appendix B.

– 22 –

We will again deal with the case where the gauge group breaking is given by U(N) → U(1)^N . This implies having a magnetic flux of the form

F_zr_{z̄}r̄ = πi Im τ^{(r)} m^{(r)}_a m^{(r)}_b m^{(r)}_c . ..

, (3.79)

where m^{(r)}_α are n × N integer numbers, different for fixed r.

Bifundamentals. In order to compute the wavefunctions of bifundamental fields, we again consider F to be a diagonal U(2) flux

F_zr_{z̄}r̄ = πi Im τ^{(r)} ( m^{(r)}_a m^{(r)}_b ) . (3.80)

Following similar steps that the ones for the T^2 case and using the gamma matrices (3.77), we find that the Dirac operator is now given by iD/ = i ∑ r̄ Γ^{r̄}D_r − i ∑ r Γ^rD^†_r

D_r = ¯∂_r + π 2 Im τ^{(r)} ( m^{(r)}_a (z^r + ζ^r_a) m^{(r)}_b (z^r + ζ^r_b ) ) . (3.81)

The Dirac operator will act in a 2n-dimensional spinor, which can be expressed as a direct product of n 2-dimensional spinors. Each of the components of Ψ is then given by ψ_ϵ1_{,...,ϵ}n , where ϵ^r = ±. In this notation, the zero-mode equation is given by

D_rψ_ϵ1_{,...,ϵ}n = 0 if ϵ^r = + D^†_rψ_ϵ1_{,...,ϵ}n = 0 if ϵ^r = − } ∀r . (3.82)

On the other hand, the the boundary conditions for a field Ξ transforming in the adjoint of U(2) is again given by (3.56), where now i = 1, . . . , 2n and

χ^α_{2r−1}(z) = πm^{(r)}_α Im τ^{(r)}

Im(z^r + ζ^r_α)

χ^α_{2r}(z) = πm^{(r)}_α Im τ^{(r)}

Im τ̄^{(r)}(z^r + ζ^r_α) α = a, b . (3.83)

The wavefunctions of the 2n-dimensional fermions can be found by solving the differential equations (3.82) and the boundary conditions imposed by (3.56) and (3.83). As in the T^2 case, many of these solutions will be exclusive, and the ones which are non-zero will depend on the signs of the numbers I^{(r)}_{ab} = m^{(r)}_a −m^{(r)}_b . The final answer is given by a tensor product of T^2 wavefunctions. In order to express it, let us first define the wavefunctions ψ^{j(r),I} (r) ab + = ψ^{j(r),I(r)ab} (τ^{(r)}, z^r + ζ^r_{ab}) , ψ^{j(r),I} (r) ab − = ( ψ^{j(r),I(r)ab} (τ^{(r)}, z^r + ζ^r_{ab}) )_∗ . (3.84)

– 23 – where j^{(i)} = 1, . . . , |I^{(i)}_{ab} |, labels the ‘Landau level’ coming from each complex dimension, and ψ^{j(r),I(r)}ab is defined as in (3.36). The wavefunctions will then be given by

ψ_{ϵ1,...,ϵn} = const. ∏ r δ_{ϵr ,s(I}(r)_{ab )} ψ^{j(r),|I(r)ab |} ϵ_r ∏ r δ_{−ϵr,s(I}(r)_{ab )} ψ^{j(r),|I(r)ab |} ϵ_r const.

(3.85)

where s(I^{(i)}_{ab} ) = sign(I^{(i)}_{ab} ). We hence find 2^{n−1} U(1)_a × U(1)_b gauginos, associated to the constant wavefunctions, and I_{ab} ≡ ∏ r |I^{(r)}_{ab} | chiral fermions, associated to chiral fermions in the bifundamental representation. The wavefunctions of the latter are given by a simple product of wavefunctions of the form (3.60) and its complex conjugates.

Laplace eigenvalues and masses. Just as in the T^2 case, the wavefunctions (3.85) not only represent zero-modes of the Dirac operator, but also eigenfunctions of the laplacian. Is easy to see that the eigenvalues are now given by Δ ( ∏ r ψ^{j(r),|I} (r) ab | ϵ_r ) = ( ∑ r 2π|I^{(r)}_{ab} | A^{(r)} ) · ∏ r ψ^{j(r),|I} (r) ab | ϵ_r . (3.86)

Again, one can recover the full spectrum of eigenfunctions and eigenvalues by considering the superposition of n harmonic oscillator algebras, where the creation and annihilation operators a_r and a^†_r are defined in terms of D_r and D^†_r as in (3.66). The spectrum of scalar particles is much richer than in the T^2 case, and in particular it does not have to be tachyonic. We leave the derivation of the mass formulae issues for the general case treated in the next section.

4. Toroidal wavefunctions II: non-abelian Wilson lines

In this section we consider the general case of introducing arbitrary fluxes, in particular those leading to a gauge reduction of the form U(N) → ∏ i U(p_i), with ∑ i p_i < N. As we will see, this rank reduction occurs whenever we introduce non-abelian Wilson lines in order to fulfill Dirac’s quantization condition. In this case, there is a new technical issue when computing wavefunctions, which comes from the fact that a field transforming in the bifundamental representation (p_a, p̄_b) is described by a n_a × n_b matrix instead of a p_a × p_b matrix, with n_α ≥ p_α. On the other hand, many of the details of the computation of the wavefunctions are similar to those in the previous sections, so we will be more sketchy in their derivation.

4.1 Non-abelian gauge groups Let us first consider the case where we have a non-abelian gauge group, say U(N). Both the magnetic flux F and the gauge potential A that we introduce transform in the adjoint representation of this gauge group. The Yang-Mills equations applied to the particular case of T^2 imply that any irreducible component of F must be proportional to the identity. Such irreducible magnetic flux is then given by

F_{zz̄} = πi Im τ M N · 1_N . (4.1)

– 24 –

Consider now a field Φ in the fundamental representation of U(N). The main difference in this situation with respect to the abelian case comes from the fact that the Wilson lines can be arbitrary elements of U(N). That is, the most general gauge transformation is of the form Φ(z) → Ω_i(z)Φ(z) = e^{iχi(z)}ω_iΦ(z) (4.2)

where

χ_1(z) = πM N Im τ Im(z + ζ) · 1_N ,

χ_2(z) = πM N Im τ Im τ̄(z + ζ) · 1_N , (4.3)

and ω_i are constant elements of SU(N).

Just as in the abelian case, we can demand the gauge transformations to be consistent with the homology of T^2, and to reduce to the identity when they correspond to a closed and contractible loop. That is, we impose

Ω^{−1}_2 (z + τ) · Ω^{−1}_1 (z + 1 + τ) · Ω_2(z + 1) · Ω_1(z)Φ(z) = Φ(z) . (4.4)

Notice that this implies that the SU(N) part of (4.4) lies in the center of SU(N), that is

ω^{−1}_2 · ω^{−1}_1 · ω_2 · ω_1 = e^{2πik/N} · 1_N , k ∈ Z . (4.5)

After imposing this in (4.4), and by a similar argument as in the abelian case, we find that M = k mod N must be an integer, which is again Dirac’s charge quantization condition. The ω_i matrices can be chosen to be either [9, 13]

ω_1 = Q , ω_2 = P^M (4.6) or ω_1 = Q^M , ω_2 = P (4.7)

where we have defined

P = 1 1 .. . 1 , Q = 1 e^{2πi/N} .. . e^{2πi(N−1)/N} . (4.8)

Both choices (4.6) and (4.7) are, of course, equivalent and describe the same physics at low energies. Each of them may be more convenient, however, for showing different aspects of magnetized compactifications. For instance, notice that the presence of the non-abelian Wilson lines ω_1, ω_2 imposes non-trivial constraints on the U(N) gauge potentials A_μ (or gauginos) transforming in the adjoint

A_μ = ω_1 · A_μ · ω^{−1}_1 = ω_2 · A_μ · ω^{−1}_2 (4.9)

– 25 – taking (4.6) and following [13], is easy to see that the constraints (4.9) impose A_μ to be a diagonal N × N matrix, with only P = g.c.d.(N, M) independent elements. We thus see that introducing a magnetic flux reduces the rank of the gauge group as U(N) → U(P ).

In fact, notice that if we have the particular case (N, M) = N · (1, S), S ∈ Z, then we can take ω_1 = ω_2 = 1 in (4.5), and the gauge group is going to be U(N), with no rank reduction. If we consider a D = 2 spinor Ψ in the fundamental of U(N) there will appear S replicas of a chiral spinor transforming in the fundamental representation. The wavefunction of such chiral fermions will again be given by ψ^{j,S} in (3.36). We then see that in the case where there is no rank reduction the computation of wavefunctions boils down to the ones performed in the last section, even if non-abelian gauge groups are involved.

Finally, in order to compute wavefunctions of chiral fermions and bosons transforming in bifundamental representations, as well as Yukawa couplings between them, the choice of non-abelian Wilson lines (4.7) turns out to be more suitable. We will thus stick to that choice in the following.

4.2 Fermions in bifundamentals

Let us now consider F to be a direct sum of two such ‘irreducible’ representations. That is

F_{zz̄} = πi Im τ (_{ma} n_a 1n^a m_b n_b 1nb ) , (4.10)

where n_a + n_b = N. This can be seen as two magnetic fluxes F_a and F_b over the same T^2, both corresponding to two different gauge groups U(n_a) and U(n_b), and with magnetic quanta m_a and m_b respectively. Actually, from the point of view of D-branes, each stack of D-branes corresponds to an ’irreducible’ representation of F , so this system can be associated to two stacks of D-branes a and b wrapping T^2, with multiplicities n_a and n_b, respectively, and with a magnetic flux turned on each stack, each flux being proportional to m_a and m_b.

As we have just seen, the low energy theory of such configuration will correspond to a gauge group U(p_a) × U(p_b), where p_α = g.c.d.(n_α, m_α). As noted above, if (n_α, m_α) = n_a(1, s_α) then no non-abelian Wilson lines appear and the gauge group will be given by U(n_a) × U(n_b). The computations of the previous section will readily apply to this case, and the wavefunction of the chiral fermions transforming in (n_a, n̄_b) will be given by (3.60), with the substitution I_{ab} → s_a − s_b. We then proceed to consider the cases where p_α < n_α and some gauge reduction is involved. In order to simplify the discussion, we will suppose p_a = p_b = 1, the generalization to arbitrary rank being straightforward.

Dirac equation. Eq. (4.10) and condition (4.9) now imply a gauge connection of the form

A_{z̄} = A^α_{z̄} T_α = π 2 Im τ (_{ma} n_a (z + ζa)1n^a m_b n_b (z + ζb)1nb ) ,

A_z = A^α_z T_α = − π 2 Im τ (_{ma} n_a (z̄ +

ζ̄_a)1_{na} m_b n_b (z̄ +

ζ̄_b)1_{nb} ) , (4.11)

– 26 – where T_a = (−i)1_{na} and T_b = (−i)1_{nb} are anti-hermitian generators of U(1)_a × U(1)_b ⊂ U(N). The Dirac operator is again given by (3.49). The zero modes of D/ can be found by again considering a two-dimensional spinor of the form (3.50) but now transforming in the adjoint of U(N). The entry A_± is no longer a number but a n_a × n_a matrix, etc. We now impose the Dirac equation on the spinorial component ψ_+ which implies

Dψ_+ = (πR)^{−1} (¯ ∂ψ_+ + [A_{z̄}, ψ_+] )

= (πR)^{−1} ¯∂A_+ ( ¯∂ +^{πĨ}ab_{2 Im τ} (z + ζ_{ab}) ) B_+ ( ¯∂ −^{πĨ}ab_{2 Im τ} (z + ζ_{ab}) ) C_+ ¯∂D_+

= 0 (4.12)

where we have now defined

I_{ab} ≡ −n_am_b + n_bm_a ≠ 0 (4.13) Ĩ_{ab} ≡ I^{ab} n_an_b (4.14) ζ_{ab} ≡ (n_bm_aζ_a − n_am_bζ_b) I_{ab} (4.15)

which is a generalization of the definitions (3.52), (3.53) for n_α > 1, and allows to distinguish between the quantities I_{ab} and Ĩ_{ab}. This difference will turn out to be quite important. The integer number I_{ab} will again determine the multiplicity and chirality of the spectrum, and can be thought as a T-dual version of the intersection number from intersecting D-brane models.^{12}

The conditions that the Dirac equation imposes on ψ_− are also quite similar to the ones in the previous section, and can be obtained by making the substitution I_{ab} → Ĩ_{ab} and taking the general definition of ζ_{ab} in (3.54). Again we deduce that A_+, D_+ have to be constant matrices associated to U(1)_a × U(1)_b gauginos, whereas B_+, C_+ have to be of the form N · e^{±i πĨabIm τ (z+ζab)·Im(z+ζab)} · ξ(z) , (4.16) respectively, where ξ(z) is now an arbitrary holomorphic matrix-valued function, and N is a normalization factor. This time, instead of following the procedure of the previous section, we will consider the ansatze (4.16) and impose the U(N) gauge transformation properties that those fields must satisfy in order to be well-defined wavefunctions. It can be seen that both procedures lead us to the same final result.

Gauge transformations. The gauge transformations for a field Φ(z) transforming in the (n_a, n̄_b) representation of U(n_a) × U(n_b) ⊂ U(N) are

Φ(z) → Ω^a_i (z)Φ(x)(Ω^b_i (z))^† = e^{i(χai (z)−χbi (z))}ω^a_i Φ(z)(ω^b_j )^† (4.17)

12Notice, however, that we have defined I_{ab} with a relative minus sign respect to [6].

– 27 – where

χ^α_1 (z) = πm_α n_α Im τ

Im(z + ζ_α) · 1_{nα}

χ^α_2 (z) = πm_α n_α Im τ

Im τ̄(z + ζ_α) · 1_{nα} α = a, b ω^α_1 = Q^{mα} ω^α_2 = P α = a, b . (4.18)

Hence, the boundary conditions for the components ϕ_{ka,kb} of such bifundamental field are given by Φ(z + 1) = e^{i(χa1 −χb1)}Q^{ma} Φ(z)Q^{−mb} ⇒ ϕ_{ka,kb} (z + 1) = e^{iπĨab Im(z+ζab)Im τ} e^{2πi} (_{ma} na k_a−^{mb}_{nb} k_b ) ϕ_{ka,kb} (z) (4.19) Φ(z + τ) = e^{i(χa2 −χb2)}P Φ(z)P^{−1} ⇒ ϕ_{ka,kb} (z + τ) = e^{iπĨab Im τ̄ (z+ζab)Im τ} ϕ_{ka+1,kb+1}(z) (4.20) where k_α = 1, . . . , n_α. Notice that (4.19) and (4.20) imply ϕ_{ka,kb} (z + n_an_b) = e^{iπIab Im(z+ζab)Im τ} ϕ_{ka,kb} (z) , (4.21) ϕ_{ka,kb} (z + n_an_bτ) = e^{iπIab Im τ̄ (z+ζab)Im τ} ϕ_{ka,kb} (z) . (4.22) Notice that these transformation properties will be satisfied by any field charged in the bifundamental representation (n_a, n̄_b). Let us, however, focus on the zero modes of the Dirac equation. In particular, let us look for solutions of B_+ in (3.50), which must satisfy the ansatz (4.16) with a + sign. We find that the holomorphic matrix-valued function ξ(z) is given by a theta function of the form ( ξ^{j,Iab} (z) ) l,l = ϑ [_j I_{ab} + l n_an_b 0 ] ((z + ζ_{ab})I_{ab}, τI_{ab}n_an_b) , (4.23)

where l = 1, . . . , n_an_b has to be understood mod n_a, n_b respectively, and j = 1, . . . , I_{ab}. This solution is strictly valid and unambiguous only if g.c.d.(n_a, n_b) = 1, which is the case that we will consider in the following. We are thus able to express the bifundamental B_+ in terms of a linear combination of the following wavefunctions Φ^{j,Iab} (z) = N · e^{i πĨabIm τ (z+ζab)·Im(z+ζab)} · ξ^{j,Iab} (z) , (4.24) and is easy to see that the hermitian conjugates ( Φ^{j,Iab} )_† expand a basis of wavefunctions for the bifundamental fields C_−.

Notice as well that (4.24) will only converge if I_{ab} > 0. In case I_{ab} < 0 we will have fermions of opposite chirality, hence we should consider Φ^{j,Iba} and ( Φ^{j,Iba} )_† (4.25)

as the wavefunctions coming from fermions transforming in (n̄_a, n_b) and (n_a, n̄_b), respectively.

– 28 –

Normalization. The normalization condition in the case of bifundamental fields Φ^j is given by ∫

T^2 dzdz̄ Tr ( Φ^{i,Iab} (Φ^{j,Iab} )^† ) = δ_{ij} , (4.26)

On the other hand, notice that the boundary conditions (4.19) and (4.20) imply that ϕ^i_{ka,kb} (ϕ^j_{ka,kb} )^∗(z + 1) = ϕ^i_{ka,kb} (ϕ^j_{ka,kb} )^∗(z) (4.27) ϕ^i_{ka,kb} (ϕ^j_{ka,kb} )^∗(z + τ) = ϕ^i_{ka+1,kb+1}(ϕ^j_{ka+1,kb+1})^∗(z) . (4.28) As a result, if I_{ab} ≠ 0, we can compute (4.26) by integrating ϕ^{i,Iab}_{ka,kb} (ϕ^{j,Iab}_{l,l} )^∗ over a T^2 of complex structure n_an_bτ.^{13} That is, ∫ T^2(τ ) dzdz̄ Tr ( Φ^i(Φ^j )^† ) = ∫ T^2(τ ) dzdz̄ ∑ l ϕ^i_{l,l}(ϕ^j_{l,l})^∗ = ∫ T^2(n_an_bτ ) dzdz̄ϕ^i_{l,l}(ϕ^j_{l,l})^∗ = (2 Im τ|I_{ab}|n_an_b)^{−1/2} N^2δ_{ij} (4.29)

from where we can extract the normalization factor N .

Summary. We have again found that the fermionic zero mode wavefunctions for chiral fields transforming in the bifundamental representation can be expressed in terms of theta functions. More precisely

B_+ = Φ^{j,Iab} , C_+ = Φ^{j,−Iab} (4.30)

where j = 1, . . . , |I_{ab}| and ( Φ^{j,Iab} ) k_a,k_b = ( 2 Im τ|Ĩ_{ab}| A^2 )_{−1/4} e^{i πĨabIm τ (z+ζab)·Im(z+ζab)} · ξ(z)^{j,Iab}_{ka,kb} ( ξ^{j,Iab} (z) ) l,l = ϑ [_j I_{ab} + l n_an_b 0 ] ((z + ζ_{ab})I_{ab}, τI_{ab}n_an_b) . (4.31)

These two solutions are exclusive in the sense that the theta-function series will not converge at the same time. Indeed,^{14}

B_+ < ∞ ⇐⇒ I_{ab} > 0 Left-handed fermions in (+1, −1) of U(1)_a × U(1)_b C_+ < ∞ ⇐⇒ I_{ab} < 0 Left-handed fermions in (−1, +1) of U(1)_a × U(1)_b (4.32)

The anti-particles of such wavefunctions are given by the hermitian conjugates of (4.30).

13We are again considering g.c.d.(na, n_b) = 1.

14Recall that U(na) × U(n_b) is broken by the flux to U(pa) × U(p_b), where pα = g.c.d.(nα, mα). The wavefunctions in (4.32) will in general be bifundamentals of such gauge group. In the particular case at hand we are considering pa = p_b = 1.

– 29 –

4.3 Eigenfunctions of the Laplace equation

Just as previously pointed out, the wavefunctions (4.31) will be also eigenfunctions of the Laplace operator (3.63). By a similar computation as the one in section 3.3 we obtain ΔΦ^{j,±Iab} = ± 2πĨ_{ab} A Φ^{j,±Iab} = 2π|Ĩ_{ab}| A Φ^{j,±Iab} , (4.33) same for (Φ^{j,±Iab} )^†.

Notice that we recover the same eigenvalue than in the abelian case of section 3, with the only replacement I_{ab} → Ĩ_{ab}. We can carry out the quantum harmonic oscillator algebra and compute the eigenvalues of the mass matrix by making such substitution in the expressions (3.65) through (3.70). We finally obtain that the lightest scalar particle is given by a tachyon of mass

m^2_{tach} = −2π |Ĩ_{ab}| A . (4.34)

This spectrum should match with the one obtained in the T-dual picture, at least in the limit of large volume A and diluted flux (small angles). By comparing both masses, the (approximate) analogue of the angle between two intersecting D-branes in the flux picture can be seen to be [16] θ^{app}_{ab} = 1 π (tan(πθ_a) − tan(πθ_b)) = 4π Ĩ_{ab} (A/α^′) (4.35)

a quantity which only depends on the area of T^2 in string scale units and, in terms of the mathematical description of the magnetic flux as a bundle over T^2, is given by the μ-slope of such bundle (see appendix B for the definition of μ-slope).

4.4 Generalization to T^{2n}

Let us now address how the previous computations generalize to magnetized compactifications in higher-dimensional tori. The most general constant magnetic flux associated to a U(N) gauge group is given by F_{ij} = 2π n_{ij} Na_ia_j · 1_N (4.36)

where n_{ij} = −n_{ji}. Here we represent T^{2n} by the quotient R^{2n} /Λ, where Λ = {x ∈ R^{2n} |x = n_ia^i; n ∈ Z^{2n}}. We are then parametrizing the torus by the 2n-dimensional hypercube {x ∈ R^{2n} |0 < x_i ≤ a_i}, where a_i = ||a^i|| are the lengths of the 2n lattice vectors.

The flux (4.36) implies that the boundary conditions on a field Φ transforming on the fundamental of U(N) are of the form

Φ(x) → Ω_i(x)Φ(x) = e^{iχi(x)}ω_iΦ(x) (4.37)

where χ_i(x) = exp π ∑ j n_{ij}x^j Na_j · 1_N (4.38)

– 30 – and ω_i are constant elements of SU(N). Consistency of the boundary conditions amounts to imposing

Ω^{−1}_j (x + a_i) · Ω^{−1}_i (x + a_i + a_j) · Ω_j(x + a_i) · Ω_i(x)Φ(x) = Φ(x) . (4.39)

This again implies that the SU(N) part of (4.39) lies in the center of SU(N),

ω^{−1}_j · ω^{−1}_i · ω_j · ω_i = e^{2πicij /N} · 1_N , c_{ij} ∈ Z (4.40)

and that n_{ij} = c_{ij} mod N. Following [9, 13], we consider SU(N) constant matrices P and Q such that P Q = QP e^{2πi/N} . The SU(N) part of the transition function can then be written as ω_i = P^{si} Q^{ti} , s_i, t_i ∈ Z , (4.41) and the problem is reduced to finding s_i, t_i such that

t_is_j − t_js_i = n_{ij} mod N . (4.42)

Such P and Q matrices can be taken to be (4.8), the choices (4.6) and (4.7) being solutions of (4.42) in the particular case of T^2.

In a general T^{2n} compactification, (4.42) will have a solution provided that all the higher Chern numbers are specified by the first Chern numbers of the flux [16]. In the following we will assume that this is the case. Indeed, when dealing with constant magnetic fluxes, lack of satisfaction of (4.42) means that the initial gauge group breaks as U(N) → ∏ i U(P_i) (instead of U(N) → U(P )) after turning on F . The flux (4.36) can then be written as a direct sum of more ‘fundamental’ fluxes, each one giving rise to a gauge group U(P_i) [12]. For our purposes, then, we can just consider fundamental fluxes satisfying (4.42) and direct sums of these.^{15}

In the following, we will generalize our previous results in order to compute wavefunctions of chiral matter fields in higher dimensional tori. We will follow the same kind of strategy as used for T^2. We will first address the case where T^{2n} is a factorizable torus. Although the computations of wavefunctions becomes more technical, the final answer can be expressed as a ‘tensor product’ of n wavefunctions in T^2. We will then address the case of a general T^{2n}, showing that the wavefunctions can then be expressed in terms of Riemann theta functions.

4.4.1 Factorizable tori Gauge group. Let us consider the factorizable background (3.75) and the addition of a constant magnetic flux F on it. Without loss of generality, we will consider F to be fundamental in the sense described above and a (1, 1)-form. This allows us to specify F in terms of 2n integer numbers (N^{(r)}, M^{(r)}), r = 1, . . . , n, such that [16] N = ∏ r N^{(r)}

n_{2r−1,2r} = N^{(1)} . . . N^{(r−1)}M^{(r)}N^{(r+1)} . . . N^{(n)} (4.43)

15In the mirror picture of intersecting D-branes, these fundamental constant fluxes correspond to D-branes wrapping T^n submanifolds of T^{2n}.

– 31 – the rest of n_{μν} vanishing. The components of the magnetic flux are then

F_zr_{z̄}r̄ = πi Im τ^{(r)}

M^{(r)} N^{(r)}

· 1_N (4.44)

and the boundary conditions for a field Φ transforming in the fundamental are again given by Ω_r = exp(iχ_r) · ω_r, where now

χ_{2r−1}(z) = πM^{(r)} N^{(r)} Im τ^{(r)}

Im(z^r + ζ^r) · 1_N ,

χ_{2r}(z) = πM^{(r)} N^{(r)} Im τ^{(r)}

Im τ̄^{(r)}(z^r + ζ^r) · 1_N , (4.45)

The action of the non-abelian Wilson lines ω_r on Φ can be more easily described by again using a tensor product representation, now acting on the gauge group indices. Indeed, since N admits the decomposition (4.43), we can express the elements Φ as

Φ_k , k = 1, . . . , N → Φ_k(1)_{,...,k}(n) , k^{(r)} = 1, . . . , N^{(r)} (4.46)

we then have

ω_{2r−1} = 1_N (1) ⊗ . . . ⊗ 1_N (r−1) ⊗ Q^{M (r)} ⊗ 1_N (r+1) ⊗ . . . ⊗ 1_N (n)

ω_{2r} = 1_N (1) ⊗ . . . ⊗ 1_N (r−1) ⊗ P ⊗ 1_N (r+1) ⊗ . . . ⊗ 1_N (n) (4.47)

where Q and P are the obvious generalization of (4.8) to N^{(r)} × N^{(r)} matrices. After introducing such flux, the gauge group will be broken from U(N) to U( ∏ r P^{(r)}), where P^{(r)} = g.c.d.(N^{(r)}, M^{(r)}) [13].

Bifundamentals. In order to compute the wavefunctions of bifundamental fields, we need again to consider F to be a direct sum of two fundamental fluxes:

F_zr_{z̄}r̄ = πi Im τ^{(r)} m^{(r)}_a n^{(r)}_a 1_{Na} m^{(r)}_b n^{(r)}_b 1_{Nb} , (4.48)

where N_α = ∏ r n^{(r)}_α . The Dirac operator is now given by iD/ = i ∑ r̄ Γ^{r̄}D_r − i ∑ r Γ^rD^†_r

D_r = ¯∂_r + π 2 Im τ^{(r)} m^{(r)}_a n^{(r)}_a (z^r + ζ^r_a )1_{Na} m^{(r)}_b n^{(r)}_b (z^r + ζ^r_b )1_{Nb}

(4.49)

and will act in the 2n-dimensional spinor, which can again be decomposed as the tensor product ψ_ϵ1_{,...,ϵ}n . The zero more equation given by (3.82), we find that the solution can be expressed in terms of the wavefunctions Φ^{j(r),I} (r) ab + = Φ^{j(r),I(r)ab} , Φ^{j(r),I} (r) ab − = ( Φ^{j(r),I(r)ab} )_† . (4.50)

– 32 – where j^{(i)} = 1, . . . , I^{(i)}_{ab} , and Φ^{j(r),I(r)}ab is defined as in (4.31). The wavefunctions will then be given by

ψ_{ϵ1,...,ϵn} = const. ∏ i δ_{ϵr ,s(I}(r)_{ab )} ⨂ r Φ^{j(r),|I(r)ab |} ϵ_r ∏ r δ_{−ϵr ,s(I}(r)_{ab )} ⨂ r Φ^{j(r),|I(r)ab |} ϵ_r const.

(4.51)

where s(I^{(i)}_{ab} ) = sign(I^{(i)}_{ab} ). The tensor product in (4.51) is to be understood as ( ⨂ r Φ^{j(r),|I(r)ab |} ϵ_r ) ( k^{(r)}_a ;k^{(r)}_b ) = ∏ r ( Φ^{j(r),|I(r)ab |} ϵ_r ) k^{(r)}_a ;k^{(r)}_b

. (4.52)

Laplace eigenvalues and masses. The eigenvalues of the laplacian are in this case given by Δ ( ⨂ r Φ^{j(r),|I(r)ab |} ϵ_r ) = ( ∑ r 2π|Ĩ^{(r)}_{ab} | A^{(r)} ) · ⨂ r Φ^{j(r),|I(r)ab |} ϵ_r , (4.53)

and again, one can recover the full spectrum of eigenfunctions and eigenvalues by considering the superposition of n harmonic oscillator algebras. We then recover the eigenvalues found in [15] λ{_{s(r)}}_r = 2π ∑ r |Ĩ^{(r)}_{ab} | A^{(r)} (2s^{(r)} + 1), s^{(r)} ∈ N (4.54)

whereas the eigenvalues of the mass matrix are given by λ̃^i {s^{(r)}}_r = 2π ( ∑ r |Ĩ^{(r)}_{ab} | A^{(r)} (2s^{(r)} + 1) ± 2 Ĩ^{(i)}_{ab} A^{(i)} )

= (2α^′)^{−1} ( ∑ r |θ^{(r)}_{app}|(2s^{(r)} + 1) ± 2θ^{(i)}_{app} ) . (4.55)

Note that the lightest scalar excitations are obtained for s^{(r)} = 0. In the T^2 case it is always tachyonic, reflecting the fact that N = 1 SUSY configurations are not possible in this case. In the T^4 case the lightest scalar is either massless or tachyonic. Finally, in the T^2 × T^2 × T^2 case the lightest scalar may be massive, massless or tachyonic, depending on the values of the slopes θ^{(r)}_{app}. In this latter case one recovers a SUSY spectrum if the lightest scalar is massless.^{16}

4.4.2 General tori

Let us now consider the more general case where the 2n-dimensional torus is not necessarily factorizable. For simplicity, we will restrict ourselves to fields charged under abelian gauge groups. That is, we set N = 1 in (4.36) for the rest of this section.

16See refs. [6, 20, 16] for a detailed discussion of the different possibilities in the T-dual language of intersecting D-branes.

– 33 –

A generic flat 2n-dimensional torus, T^{2n} ≃ C^n /Λ, inherits a complex structure from the covering space C^n . Its geometry can hence be described in terms of a Kähler metric and complex structure as ds^2 = h_{μν̄} dz^μdz̄^{ν̄} dz^μ = dx^μ + τ^μ_ν dy^ν (4.56)

where x^μ, y^μ ∈ (0, 1), μ = 1, . . . , n, parametrize the 2n vectors of the lattice Λ. The natural generalization of the Jacobi theta function (3.33) to this higher-dimensional tori is known as Riemann ϑ-function ϑ [ ⃗a ⃗b ] (⃗ν|Ω) = ∑ ⃗m∈Z^n e^{π( ⃗m+⃗a)·Ω·( ⃗m+⃗a)}e^{2πi( ⃗m+⃗a)·(⃗ν+⃗b)} (4.57)

where ⃗a,⃗b ∈ R^n , ⃗z ∈ C^n and Ω is an n × n complex matrix. The transformation properties of such ϑ-function under lattice shifts are given by ϑ [ ⃗a ⃗b ] (⃗ν + ⃗n|Ω) = e^{2πi⃗a·⃗n} · ϑ [ ⃗a ⃗b ] (⃗ν|Ω) (4.58)

ϑ [ ⃗a ⃗b ] (⃗ν + Ω · ⃗n|Ω) = e^{−πi⃗n·Ω·⃗n−2πi⃗n·(⃗ν+⃗b)} · ϑ [ ⃗a ⃗b ] (⃗ν|Ω) (4.59)

where ⃗n ∈ Z^n. These transformation properties are very suggestive. Indeed, inspired by (3.36) we can construct the following wavefunction ψ^{⃗j,N} (⃗z, Ω) = N · exp { iπ[N · ⃗z] · (N · Im Ω)^{−1} · Im[N · ⃗z] } · ϑ [ ⃗j 0 ] (N · ⃗z |N · Ω)

= N · e^{iπ[N·⃗z]·(Im Ω)−1·Im ⃗z} · ϑ [ ⃗j 0 ] (N · ⃗z |N · Ω) (4.60)

here N is a normalization factor and Ω_{μν} = τ_{μν} . The transformation properties of this wavefunction are given by ψ^{⃗j,N} (⃗z + ⃗n, Ω) = e^{iπ[N·⃗n]·(Im Ω)−1·Im ⃗z} · ψ^{⃗j,N} (⃗z, Ω) (4.61) ψ^{⃗j,N}(⃗z + Ω · ⃗n, Ω) = e^{−iπ[Nt ·⃗n]·}[^{Re ⃗z−Re Ω·(Im Ω)−1·Im ⃗z}] · ψ^{⃗j,N} (⃗z, Ω) (4.62) provided that • N_{μν} ∈ Z • ⃗j · N ∈ Z^n • (N · Im Ω)^t = N · Im Ω

and, of course, the series (4.60) will only converge if N · Im Ω is positive definite.

– 34 –

The natural candidate for the wavefunction of a field with charge q = +1 is then ψ^{⃗j,N} (⃗z + ⃗ζ, Ω), ⃗ζ now representing the Wilson lines. This wavefunction satisfies the differential equations D_aψ^{⃗j,N} (⃗z + ⃗ζ, Ω) = 0 , ∀a D_a = ¯∂_a + π 2 ( [N · (⃗z + ⃗ζ)] · (Im Ω)^{−1} ) a (4.63)

and hence satisfies Dirac equation. If N · Im Ω is positive definite, then it can be seen that these eigenfunctions satisfy the orthonormality condition ∫ T^{2n} (ψ^{⃗j,N} )^∗ψ^{⃗k,N} = δ_{⃗j,⃗k} , (4.64) by just fixing the normalization constant to

N_n = (2^n|detN| · det(Im Ω))^{1/4} · Vol(T^{2n})^{−1/2} (4.65)

where Vol(T^{2n}) = |det h| · det(Im Ω).

In general, the integer-valued matrix N will encode the quanta of the magnetic flux. To see this more precisely, let us compare the transformation properties (4.61) with the transition functions (4.38) in the simple case of T^4. By identifying ( x^1 a_1 , x^2 a_2 , x^3 a_3 , x^4 a_4 ) ∼ (x^1, y^1, x^2, y^2) (4.66)

we recover the same transformations in both sides if we impose N = ( n_{12} n_{32} n_{14} n_{34} ) , n_{24} = n_{13} = 0 . (4.67)

Now, as proven in [10], the degeneracy of states (i.e., the number of chiral fermions) is given by the absolute value of

Pf(n) := 1 8 ϵ^{ijkl}n_{ij}n_{kl} = det N (4.68)

at least in this particular case. In general, det N will give us the chiral spectrum obtained after turning on the flux: |detN| give us the degeneracy, whereas sign(detN) give us the chirality.

Finally, notice that in order to have a well-defined wavefunction, the matrix N and Ω must satisfy the following constraints

• n_{24} = n_{13} = 0

• (N · Im Ω)^t = N · Im Ω

• N · Im Ω > 0.

– 35 –

The first of this constraints is not such, since it can be satisfied by using the SL(4, Z) symmetry of T^4. The other two can be understood in terms of supersymmetry, in particular from the requirement that F is a (1, 1)-form (see appendix B). Indeed, in the case of T^{2n}, the sufficient and necessary conditions for (4.36) to be a (1, 1)-form are known as Riemann Conditions [33], which are −iΠ^t · Q · Π̄ = ( H 0 0 −H^t ) (4.69)

H being a n × n positive definite matrix. In our case, the matrices Π and Q are given by

Π = ( 1_n Ω 1_n Ω̄ )_{−1} = i 2 ( Ω̄ −Ω −1_n 1_n ) · (Im Ω)^{−1} , Q = ( N^t −N ) (4.70)

and the Riemann Conditions amount to

(N · Ω)^t = N · Ω H = 1 2 N^t · Im Ω^{−1} > 0 (4.71)

which clearly imply the constraints above. Finally, they also imply that, up to a phase, we can rewrite our wavefunction as ψ^{⃗j,N} (⃗z + ⃗ζ, Ω) = N · e^{−2π Im(⃗z+⃗ζ)·H·Im(⃗z+⃗ζ)} · ϑ [ ⃗j 0 ] ( N · (⃗z + ⃗ζ)|N · Ω ) . (4.72)

5. Computing Yukawa couplings

Once that we have derived both the fermionic and bosonic internal wavefunctions, and expressed them as an orthonormal basis, we are in position for computing the 3-point functions between them by using the general formula (2.9). In this section we perform such computation for the toroidal compactifications previously considered. We will first focus on the simple case of T^2 and then generalize our results for higher-dimensional tori.

5.1 Computing Yukawas on a T^2

In order to get non-trivial Yukawa couplings we need to start with three gauge factors, allowing for three different types of bifundamental matter fields. Let us compute the Yukawa couplings in the simplest case, namely magnetic flux compactifications in T^2. In order to have non-trivial Yukawa couplings, we need to consider a flux of the form

F_{zz̄} = πi Im τ m_a n_a 1n^a m_b n_b 1nb m_c n_c 1n^c , (5.1)

with n_α ∈ N^+ , m_α ∈ Z, α = a, b, c. As explained in section 4, the initial gauge group is broken to U(p_a) × U(p_b) × U(p_c), where p_α = g.c.d.(n_α, m_α). Notice that, with the

– 36 – definitions

I_{αβ} ≡ −n_αm_β + n_βm_α , (5.2) Ĩ_{αβ} ≡ I^{αβ} n_αn_β , (5.3)

the ‘differences of fluxes’ Ĩ_{αβ} satisfy Ĩ_{ab} + Ĩ_{bc} + Ĩ_{ca} = 0. This implies that one |Ĩ_{αβ} | is bigger than the other two. Let us suppose that this is the case for Ĩ_{bc}, hence |Ĩ_{bc}| = |Ĩ_{ab}| + |Ĩ_{ca}|. This asymmetry will show up in the general formula for Yukawa couplings.

We now have two possibilities, depending on the sign of Ĩ_{bc}. By the results of the previous sections, the fermionic wavefunction Ψ is given by

Ψ = ( ψ_+ ψ_− ) , ψ_+ = const. Φ^{i,Iab} 0 0 const. 0 Φ^{j,Ica} Φ^{k,Icb} const. if Ĩbc < 0

ψ_+ = const. 0 Φ^{j,Iac} Φ^{i,Iba} const. Φ^{k,Ibc} 0 0 const. if Ĩbc > 0 . (5.4)

with ψ_− = (ψ_+)^†, and where const. = A^{−1/2} are the gaugino’s wavefunctions. The chiral wavefunctions Φ^{j,Iαβ} j = 0, . . . , |I_{αβ} | − 1 have been computed in section 4 and, in the particular case of abelian Wilson lines, reduce to ψ^{j,Ĩαβ} · M_{nα,nβ} , where ψ^{j,Ĩαβ} are the wavefunctions computed in section 3 and M_{nα,nβ} is a n_α × n_β matrix taking care of gauge quantum numbers.

The general formulae (2.9), (A.28) imply that the Yukawa couplings involving chiral massless fermions are computed by evaluating the integrals ∫ T^2

dzdz̄ Tr {ψ_+ · [ϕ_−, ψ_+]} and ∫ T^2

dzdz̄ Tr {ψ_− · [ϕ_+, ψ_−]} , (5.5)

which are CPT conjugates of each other. Here ϕ_± are the wavefunctions of the bosonic fluctuations of the higher-dimensional gauge field A_M , with helicity ±1 in the internal coordinates of T^2. Notice that these are the only terms involving massless fermions allowed by Lorentz invariance in the internal coordinates. By our previous results we find that ϕ_± ∼ ψ_± and that it corresponds to the lightest (in fact, tachyonic) D = 4 scalar. Evaluating these expressions, we find that the Yukawa coupling involving left-handed fermions is given by

Y_{ijk} = σ_{abc}g ∫ T^2 dzdz̄ Tr { Φ^{i,Iab} · Φ^{j,Ica} · ( Φ^{k,Icb} )_†} if Ĩ_{bc} < 0 σ_{abc}g ∫ T^2 dzdz̄ Tr { Φ^{i,Iba} · Φ^{j,Iac} · ( Φ^{k,Ibc} )_†} if Ĩ_{bc} > 0

(5.6)

where we have restored the dependence of the 3-point functions on the gauge coupling constant g, by considering both (A.28) and the normalization of the fields (A.27). Here σ_{abc} = sign(Ĩ_{ab}Ĩ_{bc}Ĩ_{ca}) = sign(I_{ab}I_{bc}I_{ca}) is a sign coming from fermionic statistics. From the

– 37 – point of view of D = 4 physics, this term will yield a coupling between two chiral fermions of opposite chiralities, transforming in the (p_a, p̄_b), (p_a, p̄_c) bifundamental representations, and a complex tachyon in the (p_b, p̄_c) representation.^{17}

Again, the computation of the integrals (5.6) is technically simpler in the case where only abelian Wilson lines are present in the compactification. The computation of the 3-point function is simplified by the use of ϑ-function identities. The case with non-abelian Wilson lines has nevertheless the virtue that it can distinguish between two physically relevant quantities, which are the multiplicity of the spectrum, given by I_{αβ} , and the slope of the flux (see appendix B), proportional to Ĩ_{αβ} . The differentiation of both quantities will turn out to be quite relevant when interpreting our results from the point of view of the effective action.

5.1.1 Abelian Wilson lines Let us first consider the case which only involves abelian Wilson lines. That is, we consider that (n_α, m_α) = n_α(1, s_α) s_α ∈ Z. As shown in section 4, turning on the flux (5.1) provokes the gauge group breaking U(N) → U(n_a) × U(n_b) × U(n_c), n_a + n_b + n_c = N, and only abelian Wilson line is needed for having a well-defined gauge connection. Moreover, the degeneracy of chiral fermions in bifundamentals (n_α, n̄_β) is not given by I_{αβ} in (5.2) but rather by^{18} I_{αβ} = s_α − s_β. Finally, the matrix-valued wavefunctions Φ^{i,Iαβ} reduce to a n_α × n_β matrix times the wavefunctions ψ^{i,Iαβ} defined in (3.36). The Yukawas then read Y_{ijk} = σ_{abc} g ∫ T^2 dzdz̄ψ^{i,Iab} (z + ζ_{ab}) · ψ^{j,Ica} (z + ζ_{ca}) · ( ψ^{k,Icb} (z + ζ_{cb}) )_∗ (5.7)

where we have chosen I_{bc} < 0 for definiteness. The abelian Wilson lines ζ_{αβ} are defined by (3.53), but with the substitutions m_α → s_α and I_{αβ} → I_{αβ}.

Now, in order to compute the integral (5.7), we will make use of the ‘addition formula’ for theta functions, taken from [34], Proposition II.6.4. (p. 221), and which was crucial in the categorical mirror symmetry computations of [35]. This formula says ϑ [_r N_1 0 ] (z_1, τN_1) · ϑ [_s N_2 0 ] (z_2, τN_2) = ∑ m∈Z_{N1+N2} ϑ [_{r+s+N1m} N_1+N_2 0 ] × (z_1 + z_2, τ(N_1 + N_2)) (5.8)

×ϑ [_{N2r−N1s+N1N2m} N_1N_2(N_1+N_2) 0 ] (z_1N_2 − z_2N_1, τN_1N_2(N_1+N_2)) .

This identity is particularly useful to our purposes, since the wavefunctions ψ^{j,N} are proportional to ϑ-functions of this form. Indeed, ψ^{i,Iab} (z + ζ_{ab}) · ψ^{j,Ica} (z + ζ_{ca}) = A^{−1} (2 Im τ)^{1/2} |I_{ab}I_{ca}|^{1/4} × 17No more couplings are allowed from the choices made above and the action (A.1) in D = 6. In compactifications of higher dimensional theories, or those with a richer spectrum such as (2.11), however, more Yukawa between chiral fermions and scalars in different representations will appear. The computation of the 3-point functions in those cases will nevertheless be similar to the one we perform here.

18I_{αβ} gives the degeneracy of chiral fermions before arranging them in bifundamental representations. I_{αβ} is the topological invariant to be identified with the intersection number in the T-dual picture of intersecting D-branes. Both numbers agree when nα = 1, ∀α.

– 38 –

×e^{i πIabIm τ (z+ζab ) Im(z+ζab )}e^{i πIcaIm τ (z+ζca) Im(z+ζca )/A} × (5.9) ×ϑ [_i I_{ab} 0 ] ((z + ζ_{ab})I_{ab}, τI_{ab}) · ϑ [_j I_{ca} 0 ] ((z + ζ_{ca})I_{ca}, τI_{ca}) , so we can compute the product on the third line by using the formula (5.8). We only need to identify r = i s = j N_1 = I_{ab} N_2 = I_{ca} z_1 = (z + ζ_{ab})I_{ab} z_2 = (z + ζ_{ca})I_{ca} . (5.10)

Let us first consider the case without any Wilson line, i.e., set ζ_{ab} = ζ_{ca} = 0. We obtain ϑ [_i I_{ab} 0 ] (zI_{ab}, τI_{ab}) · ϑ [_j I_{ca} 0 ] (zI_{ca}, τI_{ca}) = (5.11)

= ∑ m∈Z_{Ibc} ϑ [_{i+j+Iabm} −I_{bc} 0 ] (z(−I_{bc}), τ(−I_{bc})) · ϑ [_{Icai−Iabj+IabIcam} −I_{ab}I_{ca}I_{bc} 0 ] (0, τ(−I_{ab}I_{bc}I_{ca}))

where we have made use of the fact that I_{ab} + I_{ca} = I_{cb} = −I_{bc}. Formula (5.11) implies that ψ^{i,Iab} (z) · ψ^{j,Ica} (z) = A^{−1/2} (2 Im τ)^{1/4} | | | I_{ab}I_{ca} I_{bc} | | | 1/4 × (5.12) × ∑ m∈Z_{Ibc} ψ^{i+j+Iabm,Icb} (z) · ϑ [_{Icai−Iabj+IabIcam} −I_{ab}I_{bc}I_{ca} 0 ] (0, τ|I_{ab}I_{bc}I_{ca}|) .

Now, the usefulness of these identities for performing the integration in eq. (5.7) is that now the second theta function in the above expression no longer depends on the coordinate z and may be factored out from the integration. We are thus left we an integration over two theta-functions which may be easily computed by using orthonormality of wavefunctions, as we show below. Notice as well that (5.12) is a product of two wavefunctions, each one with a ‘weight’ I_{ab} and I_{ca}, expanded in a basis of a third class of wavefunctions, now with a ‘weight’ I_{cb} = I_{ca} + I_{ab}. Moreover this basis behaves under gauge transformations as the third wavefunction involved in the Yukawa coupling (5.7), more precisely as its hermitian conjugate. This kind of identity is totally general for magnetized compactifications, and comes from the simple fact that if we can understand a Yukawa coupling as an integral of three wavefunctions Y_{ijk} = ∫ M_{2n} Tr ( ϕ^i_{αβ} ∘ ϕ^j_{βγ} ∘ ϕ^k_{γα} ) (5.13)

with the trace performed over gauge and internal Lorentz indices, then the integrand must be invariant under both gauge and Lorentz transformations. In particular, ϕ^k_{γα} must compensate the gauge transformations of ϕ^i_{αβ} ∘ϕ^j_{βγ} . This is indeed the case, as can be easily seen, e.g., from the gauge transformation properties of (N_α, N̄_β) · (N_β , N̄_γ ) ∼ (N_γ , N̄_α)^†.

– 39 –

This allows us to write the product of wavefunctions as^{19} ϕ^i_{αβ} ∘ ϕ^j_{βγ} = ∑ k c^{ij}_k ( ϕ^k_{γα} )_† (5.14)

where k runs over an orthonormal basis of wavefunctions transforming in the representation (N_γ , N̄_α). The same facts apply to Lorentz indices. In the particular case of T^2 compactifications, we see from (5.12) that the coefficients c^{ij}_k are given by ϑ-functions.

Now, by considering the orthonormality condition (3.40), we can compute (5.7) to be

Y^{(ζ=0)} ijk = σ_{abc} gA^{−1/2} (2 Im τ)^{1/4} | | | I_{ab}I_{ca} I_{bc} | | | 1/4 × × ∑ m∈Z_{Ibc} δ_{k,i+j+Iabm} · ϑ [_{Icai−Iabj+IabIcam} −I_{ab}I_{bc}I_{ca} 0 ] (0, τ|I_{ab}I_{bc}I_{ca}|)

= ( 2 Im τ A^2 )_{1/4} | | | I_{ab}I_{ca} I_{bc} | | | 1/4 · ϑ [ − (_j I_{ca} + k I_{bc} ) /I_{ab} 0 ] (0, τ|I_{ab}I_{bc}I_{ca}|) . (5.15) So we find that Yukawa couplings are proportional to theta functions, as was already pointed out in the T-dual picture [27]. In order to compare both results, let us express the the ϑ-function characteristic in a more symmetric form. Notice that i I_{ab} − j I_{ca} + k I_{bc} = k − j I_{ab} + j I_{ca} + k I_{bc} = 1 I_{ab} ( − jI_{bc} I_{ca} + kI_{ca} I_{bc} ) = − 1 I_{ab} ( j^′ I_{ca} + k^′ I_{bc} ) (5.16)

where in the first equality we have made use of i = k − j mod I_{ab}, implicit in (5.15), and in the last one we have made a redefinition of the indices j and k. This redefinition is always possible if g.c.d.(I_{ab}, I_{bc}, I_{ca}) = 1. In section 7 we will see how this theta function characteristic matches with the result obtained in [27].

The inclusion of (abelian) Wilson lines modifies the previous result to Y_{ijk} = σ_{abc} g ( 2 Im τ A^2 )_{1/4} | | | I_{ab}I_{ca} I_{bc} | | | 1/4 · e^{iπ(Iabζab Im ζab+Ibcζbc Im ζbc+Icaζca Im ζca)/ Im τ} × ×ϑ [ − (_j I_{ca} + k I_{bc} ) /I_{ab} 0 ] (−I_{ab}I_{ca}(ζ_{ca} − ζ_{ab}), τ|I_{ab}I_{bc}I_{ca}|) (5.17) but notice that, since I_{ab} + I_{bc} + I_{ca} = 0,

−I_{ab}I_{ca}(ζ_{ca} − ζ_{ab}) = ζ_as_aI_{bc} + ζ_cs_cI_{ab} + ζ_bs_bI_{ca} . (5.18)

19As is stands the expression (5.14) is of field theoretical nature. Recall, however, that there is an underlying string theory in the whole construction, where the chiral fields ϕ^i will be represented by vertex operators O^i. The expansion (5.14) is then understood as the field-theoretical version of the OPE

O^i(ω1) · O^j (ω2) = ∑ k C^{ij}_k (ω2 − ω1)O^k(ω2) in the underlying CFT (here ωi is a world-sheet coordinate).

– 40 –

Actually, it turns out that the whole Wilson line dependence of the Yukawa coupling is a function of the linear combination of Wilson lines (5.18). In order to see this, let us first express everything in terms of the following redefinition of complex Wilson line

ζ̃_α = s_αζ_α , α = a, b, c . (5.19)

The Yukawa couplings now read Y_{ijk} = σ_{abc} g ( 2 Im τ A^2 )_{1/4} | |I^{ab}I^{ca} I_{bc} | | |^{1/4} · e^{iπ} (_{ζ̃} ab Im ζ̃ ab Iab +^{ζ̃bc Im ζ̃bc}_{Ibc} +^{ζ̃ca Im ζ̃ca}_{Ica} ) / Im τ × ×ϑ [ δ_{ijk} 0 ] ( ζ̃, τ|I_{ab}I_{bc}I_{ca}| ) (5.20)

where we have defined δ_{ijk} = i I_{ab} + j I_{ca} + k I_{bc} (5.21)

ζ̃_{ab} = ζ̃_a − ζ̃_b , etc. (5.22) ζ̃ = I_{ab}ζ̃_c + I_{bc}ζ̃_a + I_{ca}ζ̃_b . (5.23)

Now notice that the exponential factor in (5.20) can be rewritten as:

e^{iπ}(^{ζ̃αgαβ Im ζ̃β} )^{/ Im τ} (5.24)

where α, β = a, b, c, and g is a symmetric matrix given by

g = |I_{ab}I_{bc}I_{ca}|^{−1} I^2_{bc} I_{bc}I_{ca} I_{ab}I_{bc} I_{bc}I_{ca} I^2_{ca} I_{ca}I_{ab} I_{ab}I_{bc} I_{ca}I_{ab} I^2_{ab} (5.25)

where we have again used the fact that I_{ab} + I_{bc} + I_{ca} = 0 and that I_{ab}I_{bc}I_{ca} < 0. This matrix is singular, having only one non-zero eigenvalue:

g · 1 √ κ I_{bc} I_{ca} I_{ab} = |IabIbcIca|^{−1} · 1 √ κ I_{bc} I_{ca} I_{ab} (5.26)

where κ = I^2_{ab} + I^2_{bc} + I^2_{ca}. This implies that the whole quantity in (5.24) must depend on the combination ζ̃ above and, in particular, that we can rewrite (5.20) as Y_{ijk} = σ_{abc} g ( 2 Im τ A^2 )_{1/4} | | | I_{ab}I_{ca} I_{bc} | | | 1/4 · e^{H(ζ̃,τ )/2} · ϑ [ δ_{ijk} 0 ] ( ζ̃, τ|I_{ab}I_{bc}I_{ca}| ) (5.27)

where H(ζ̃, τ) = 2πi|I_{ab}I_{bc}I_{ca}|^{−1} ζ̃ · Im ζ̃ Im τ

. (5.28)

We obtain similar results for Ĩ_{bc} > 0. Note that the gauge coupling g in D = 6 has dimension of length, so that the Yukawa coupling in D = 4 is indeed dimensionless, as it should.

– 41 –

5.1.2 Non-abelian Wilson lines Let us now turn to the case where the flux in (5.1) satisfies p_α = g.c.d.(n_α, m_α) = 1 < n_α, so that non-abelian Wilson lines have to be introduced and the total rank N = n_a +n_b +n_c is reduced. The chiral fields are now expressed in terms of the matrix-valued wavefunctions Φ^{i,Iαβ} defined in (4.31), and the integral (5.6) is given by Y_{ijk} = σ_{abc} g ∫ T^2 dzdz̄ Tr { Φ^{j,Ica} · Φ^{i,Iab} · ( Φ^{k,Icb} )_†} (5.29) = σ_{abc} g ∫ T^2 dzdz̄ ∑ k_a,k_b,k_c ϕ^{i,Iab}_{ka,kb} ϕ^{k,Ica}_{kc,ka} ( ϕ^{j,Icb}_{kc,kb} )_∗

= σ_{abc} g ∫ T^2 dzdz̄ n_an_bn_c∑

l=1 ϕ^{i,Iab}_{l,l} ϕ^{j,Ica}_{l,l} ( ϕ^{k,Icb}_{l,l} )_∗

where in the third line we have also assumed that g.c.d.(n_a, n_b, n_c) = 1.

The computation of this integral is harder than (5.6), since we cannot use the thetafunction identity (5.8) and the integral must be made by brute-force computation. Of some help is the fact that ϕ^{i,Iab}_{l,l} ϕ^{j,Ica}_{l,l} (ϕ^{k,Icb}_{l,l} )^∗(z + τ) = ϕ^{i,Iab}_{l+1,l+1}ϕ^{j,Ica}_{l+1,l+1}(ϕ^{k,Icb}_{l+1,l+1})^∗(z) . (5.30) And hence we can evaluate (5.30) by fixing l = 0 and integrating over a torus of complex structure n_an_bn_cτ, instead of performing the summation over l. We obtain the result

Y_{ijk} = σ_{abc} g ( 2 Im τ A^2 )_{1/4} | | | Ĩ_{ab}Ĩ_{ca} Ĩ_{bc} | | | 1/4 · e^{H/2} · ϑ [ δ_{ijk} 0 ] ( ζ̃, τ|I_{ab}I_{bc}I_{ca}| ) (5.31)

where the Wilson lines have been redefined as ζ̃_α = m_αζ_α, instead of (5.19). The exponential prefactor is now given by H = 2πi|I_{ab}I_{bc}I_{ca}|^{−1} ζ̃ · Im ζ̃ Im τ = 2πi ( Ĩ_{ab}ζ_{ab} Im ζ_{ab} + Ĩ_{bc}ζ_{bc} Im ζ_{bc} + Ĩ_{ca}ζ_{ca} Im ζ_{ca} ) Im τ

. (5.32)

The expression (5.31) is quite similar to the one obtained in the case of abelian Wilson lines. It is more general and contains more information, though, in the sense that we can now distinguish between the degeneracy of chiral states I_{αβ} (intersection number) and the quantity Ĩ_{αβ} (μ-slope of the flux), which were both identified with I_{αβ} in the expression (5.27).

5.2 Higher dimensional tori

The computation of the Yukawa couplings for 2n-dimensional tori can be easily deduced from the results obtained for T^2. In the particular case that T^{2n} has the factorizable geometry (3.75) the chiral matter wavefunctions are given by (3.85) or (4.51). That is, by

– 42 – a product of n wavefunctions of the form Φ^{I(r)}ab or (Φ^{I(r)}ab )^∗ obtained in T^2 compactifications, the choice of Φ or Φ^∗ depending on the sign of I^{(r)}_{ab} . This implies that we can decompose the integral in (2.9) as a product of n integrals of the form (5.6). More precisely, each integral will be given by the analogue of (5.6) for the r^{th} two-torus if σ^{(r)}_{abc} = sign(I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} ) > 0 and by its complex congujate if σ^{(r)}_{abc} < 0. The final Yukawa coupling will be given by a product of n contributions, one for each T^2, which are either of the form (5.31), either by its complex conjugate.

We then find that the Yukawa couplings for factorizable T^{2n} magnetized compactifications are given by Y_{ijk} = σ_{abc} g n∏ r=1 ( 2 Im τ^{(r)} (A^{(r)})^2 )_{1/4} | | | Ĩ^{(r)}_1 Ĩ^{(r)}_2 Ĩ^{(r)}_1 + Ĩ^{(r)}_2 | | | 1/4 e^{H(r)/2}ϑ [ δ^{(r)}_{ijk} 0 ] ( ζ̃^{(r)}, τ^{(r)}(I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} ) )

(5.33) where we must perform the substitution J^{(s)} → J̄^{(s)} and ζ̃^{(s)} → ¯ζ̃^{(s)}_a , whenever σ^{(s)}_{abc} = −1. Here A^{(r)}, τ^{(r)} are the area and complex structure of the r^{th} T^2 in (3.75) and I_{ab} = n∏ r=1 I^{(r)}_{ab} , (5.34) i = ( i^{(1)}, i^{(2)}, . . . , i^{(n)} ) , (5.35)

i^{(r)} = 0, . . . , |I^{(r)}_{ab} | − 1 , (5.36)

is the total multiplicity of chiral fermions and scalars in the ab sector, etc., and the appropriate labeling of them, with a different index i^{(r)} for each T^2. On the other hand, |Ĩ^{(r)}_1 | and |Ĩ^{(r)}_2 | are the two smallest numbers among |Ĩ^{(r)}_{ab} |, |Ĩ^{(r)}_{bc} | and |Ĩ^{(r)}_{ca} |. Finally, σ_{abc} = ∏ r σ^{(r)}_{abc} = ∏ r sign(I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} ) = sign(I_{ab}I_{bc}I_{ca}) (5.37)

δ^{(r)}_{ijk} = i^{(r)} I^{(r)}_{ab} + j^{(r)} I^{(r)}_{ca} + k^{(r)} I^{(r)}_{bc} (5.38)

H^{(r)} = 2πi|I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} |^{−1} ζ̃(r) · Im ζ̃(r) Im τ^{(r)}

(5.39)

ζ̃^{(r)} = I^{(r)}_{ab} ζ̃^{(r)}_c + I^{(r)}_{bc} ζ̃^{(r)}_a + I^{(r)}_{ca} ζ̃^{(r)}_b . (5.40)

5.3 Yukawas in supersymmetric models Although the derivation of (5.33) is quite general, and in principle is valid for toroidal compactifications where supersymmetry might be broken explicitly, it should be possible to understand it as a 3-point function in a N = 1 D = 4 supersymmetric theory, at least in the cases where such construction can be achieved. The normalized Yukawa couplings that we have obtained should then fit in the general supergravity formula (see e.g.ref. [36]) Y_{ijk} = (K_{ab}K_{bc}K_{ca})^{−1/2} e^{K/2}W_{ijk} (5.41) where W_{ijk} is the corresponding trilinear coupling of the superpotential, K is the Kähler potential and K_{ab} = ∂_{ab} ¯∂_{ab}K are the kinetic terms of the chiral fields in the ab sector, etc.

– 43 –

There are indeed several examples in the literature of N = 1 D = 4 chiral compactifications realized as type-IIA intersecting D6-brane models [25], which are T-dual to type-I compactifications on a factorizable T^6 and with magnetic fluxes turned on.^{20} Let us then consider the particular case of magnetized compactifications in T^6, i.e., the case of n = 3, which involves D = 10 N = 1 super Yang-Mills compactifications with magnetic fluxes. This particular choice is not only relevant for type-I strings, but also for magnetized compactifications of heterotic strings and type-IIB involving D9-branes.

In this case the coupling constant g is given by g = e^{ϕ10 /2} · α^{′3/2}, where ϕ_{10} is the ten-dimensional dilaton and α^′ the string scale. The 3-point function then reads

Y_{ijk} = σ_{abc} e^{ϕ10/2} 3∏ r=1 ( 2 Im τ^{(r)} (A^{(r)}/α^′)^2 )_{1/4} | | | Ĩ^{(r)}_1 Ĩ^{(r)}_2 Ĩ^{(r)}_1 + Ĩ^{(r)}_2 | | | 1/4 ×

×e^{H(r)/2}ϑ [ δ^{(r)}_{ijk} 0 ] ( ζ̃^{(r)}, τ^{(r)}|I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} | ) (5.42)

and comparing this expression with (5.41) we are led to the identifications W_{ijk} = 3∏ r=1 ϑ [ δ^{(r)}_{ijk} 0 ] ( ζ̃^{(r)}, τ^{(r)}|I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} | ) (5.43)

(K_{ab}K_{bc}K_{ca})^{−1} e^K = e^{ϕ10} 3∏ r=1 ( 2 Im τ^{(r)} )_{1/2} A^{(r)}/α^′ | | | Ĩ^{(r)}_1 Ĩ^{(r)}_2 Ĩ^{(r)}_1 + Ĩ^{(r)}_2 | | | 1/2 e^{H̃(r)} (5.44)

where in (5.44) we have neglected global phases and defined

H̃^{(r)} = −2π|I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} |^{−1} ( Im ζ̃^{(r)}

)_2

Im τ^{(r)}

. (5.45)

Let us try reexpress the Kähler factors involved in the 3-point function in a more physical basis. Indeed, in terms of D = 4 supergravity fields, (5.44) reads

(K_{ab}K_{bc}K_{ca})^{−1} e^K = 2 (2π)^3

(S + S̄)^{−1} 3∏ r=1 ( U^{(r)} + Ū^{(r)} )_{1/2} | | | Ĩ^{(r)}_1 Ĩ^{(r)}_2 Ĩ^{(r)}_1 + Ĩ^{(r)}_2 | | | 1/2 e^{H̃(r)} (5.46)

where the supergravity fields are defined as

Re S = (2π)^{−1}e^{−ϕ10} 3∏ r=1 A^{(r)} 4πα^′ , (5.47)

Re T^{(r)} = (2π)^{−1}e^{−ϕ10} A^{(r)} 4πα^′ , (5.48)

Re U^{(r)} = Im τ^{(r)} . (5.49)

20Notice that, although all of these supersymmetric models are based on orbifolds of T^6 which freeze some compactification moduli and impose some discrete symmetries to the open string sector, our computations and results are general and will equally well apply to these restricted geometries.

– 44 –

Notice that in (5.46) there is no dependence in Re T^{(r)} and the only explicit dependence on the Wilson lines ζ^{(r)}_α comes from

∑_3

r=1 H̃(r). These Wilson lines are the vev’s of the scalar fields in the adjoint of each gauge group, which belong to D = 4 N = 1 chiral multiplets. From the point of view of D-brane physics, they are open string degrees of freedom, so their vev’s compose part of the open string moduli space. Now, the Kähler potential for the closed string moduli has the well-known form

K = −log ( S + S̄ ) − log 3∏ r=1 ( T^{(r)} + T̄^{(r)} ) − log 3∏ r=1 ( U^{(r)} + Ū^{(r)} ) (5.50)

so that we get an identity that the Kähler metric fields must obey in the flux side

(K_{ab}K_{bc}K_{ca}) = (2π)^3 2 3∏ r=1 ( T^{(r)} + T̄^{(r)} )_{−1} ( U^{(r)} + Ū^{(r)} )_{−3/2} | | | Ĩ^{(r)}_1 Ĩ^{(r)}_2 Ĩ^{(r)}_1 + Ĩ^{(r)}_2 | | | −1/2 e^{−H̃(r)} . (5.51)

6. D-branes of lower dimension

As we have stressed in the introduction, N = 1 D = 10 SYM can be seen as the effective theory arising from type-I and type-IIB string theories at low energies. This fact has allowed to study D9-brane models with magnetic fluxes by using field theory techniques. From the point of view of type-I or type-IIB, however, D9-branes are not the only objects which yield gauge groups and/or chiral fermions in a general model. Indeed, both theories contain D5-branes and other objects of lower dimension than the D9-branes, which usually will carry additional gauge factors. Being of lower dimension than the D9-branes, these objects will appear as point-like in some directions of the internal compact manifold, while still expanding the four non-compact dimensions of the theory. These sectors of lower dimension are seen by the effective theory as small instantons, as is the case for heterotic strings. From the point of view of open string theories, however, these D-branes of lower dimension should be considered as natural as the D9-branes on which have based our previous analysis. In fact, it may turn out to be quite relevant for model building when trying to get a semi-realistic compactification, as the explicit model of section 8 shows.

Yielding a gauge group an chiral matter, it is fair to wonder which kind of Yukawa couplings do we obtain when considering D-brane models involving D5-branes. One would expect the general formula (5.42) to hold true, since under T-duality/Mirror symmetry both D9 and D5-branes are mapped to type-IIA intersecting D6-branes, being on equal footing on this dual picture. Moreover, the Yukawa couplings between chiral fields in intersecting D6-brane models was computed in [27], and a general formula was obtained for every kind of D6-brane.

In any case, it seems natural to wonder which wavefunction should be associated to an open string stretching between, e.g., a D9-brane and a D5-brane, specially in the dimensions where such D5-brane is pointlike. Intuitively, since the D5-brane looks like a

– 45 – localized source of RR charges/chiral anomalies in the D9-brane worldvolume, one would expect that the associated wavefunction is proportional to a delta function. In the present section we will try to further motivate this intuitive picture.

In order to do this notice that, in the dimension where it is pointlike, a D5-brane can be formally thought as a D9-brane with infinite flux. From this point of view, the wavefunction associated to massless chiral fermion between a D9 with flux N_{D9} and a D5- brane should be approximated by the wavefunction (3.60) in the limit Ĩ_{ab} → ∞, whereas that of an open string between a D9 and an anti-D5-brane should be recovered from the limit Ĩ_{ab} → −∞ (here a labels the D5-brane and b the D9-brane).

For the sake of concreteness, let us consider a D9-D5 system. We can then use take the formal limit N → ∞ in (3.36). From the normalization procedure of wavefunctions, we know that ∫ T^2

dx_1(ψ^j_+)^∗(ψ^j_+) =

(2 Im τN)^{1/2} A ∑ n e^{−2πN Im τ} ( n+^j_N +^{Im(z+ζ)}_{Im τ}

)_2

= A^{−1}ϵ^{−1/2} ∑ n e^{− πϵ} ( n+^j_N +^{Im(z+ζ)}_{Im τ}

)_2

(6.1)

where we have defined ϵ^{−1} = 2 Im τN. Now, this last expression reminds of the family of gaussian functions which define a delta function

δ(x) = Lim_{ϵ→0+} 1 √ ϵ e^{−π x2ϵ} , (6.2)

but with multiple images added (the sum over n) which is necessary to have a well defined function on T^2 instead of C . Indeed, if we take the limit N → ∞, we recover ∫ T^2

dx_1(ψ^j_+)^∗(ψ^j_+) = A^{−1} ∑ n δ ( Im(z + ζ) Im τ + n )

∼ δ_T 2 ( Im(z + ζ) Im τ ) . (6.3)

This seems to suggest that in the N → ∞ limit, the wavefunction (3.32) should be proportional to (the square root of) δ_T 2 (Im(z + d)/ Im τ). Notice, however, that for a D5-brane there is nothing special about the coordinate Im z on the whole problem.^{21} It thus seems sensible to consider the following wavefunction ψ^{N→∞}(τ, z + ζ) ∼ √ δ_T 2 (z + ζ) (6.4)

where some possible phase may be multiplying the whole thing. The former Wilson line ζ should be associated with the position of the D5 on the corresponding T^2.

21As we have seen in section 3, this asymmetry may only appear when the linear space of wavefunctions has dimension bigger than one, which is not the case.

– 46 –

In order to check that this is a sensible proposal, let us see which kind of Yukawa coupling we obtain by considering a system of two D9-branes, of fluxes m_a and m_b, I_{ab} = m_a −m_b > 0 and a D5-brane defined by the point ζ_c. The wavefunction coming from the ab sector will be the usual one, ψ^{i,Iab} (τ, z + ζ_{ab}), whereas those coming from the bc, ca sectors would yield a delta function, given by (6.4). When integrating all of them we would then have

Y_i = ∫ T^2 ψ^{i,Iab} (τ, z + ζ_{ab}) · δ(z + ζ_c) = (2 Im τ|I_{ab}|)^{1/4} √ A e^{iπIab(ζab−ζc) Im(ζab−ζc)/ Im τ} · ϑ [_i I_{ab} 0 ] ((ζ_{ab} − ζ_c)I_{ab}, τI_{ab}) . (6.5) Notice that the whole expression can be put in the form (5.27), (5.28), if we just define ζ̃_c = −ζ_c I_{bc} = −1 I_{ca} = 1 (6.6)

which are indeed the intersection numbers arising in the T-dual construction.^{22}

7. Comparison with intersecting brane computations

We have emphasized several times along this paper the fact that magnetized compactifications describe the same kind of physics as intersecting D-brane models do. In particular, D = 10 N = 1 SYM compactifications can be seen to capture the low energy physics of type-IIB string models involving D9-branes with magnetic fluxes. The latter are related by T-duality symmetry to type-IIA compactifications with intersecting D6-branes [37]. This pairing of theories can be extended to orbifolded/orientifolded versions of the above which involve, e.g., type-I compactifications with fluxes and orientifolded type-IIA models.

Although describing the same physics, it should be clear that the techniques involved in the computation of D = 4 physical quantities is quite different in both pictures. As a result, some elements of the D = 4 effective action may be much easier to compute in one side of the T-dual map than in the other side. This whole paper is meant to be an example of such important fact. Indeed, in [27] the Yukawa couplings of type-IIA intersecting D6- branes models were computed for toroidal compactifications, giving explicit formulae in terms of theta functions. The techniques used for such computation involved a sum over world-sheet instantons connecting intersection points. The Yukawas were obtained up to a global factor, h_{qu} which encoded the contribution from quantum fluctuation of the worldsheet. The computation of such kinds of factors has been addressed in [28, 29] where CFT vertex operator techniques were used.

In the present paper we have succeeded in computing the same quantity, the 3-point function, by using a different method. Indeed, the derivation of Yukawa couplings in

22Recall that conventions on intersection numbers differ by a sign. Notice as well that in the particular class of models where D5-branes are involved the usual identity I_{ab} + I_{bc} + Ica = 0 does not longer hold.

– 47 – magnetized compactifications involve just field theory techniques, and no string theory is needed, at least in the appropriate limit of large volume and diluted fluxes. Notice as well that in this setup there is no ‘classical’ h_{cl} and ‘quantum’ h_{qu} contributions to the 3-point function: everything comes from the overlap of three wavefunctions.

In the present section we will check that the Yukawas computed from magnetized toroidal compactifications and D6-branes at angles match. More precisely, we will compare our present results with the ones obtained in [27] by using T-duality transformations, in order to extract the ‘quantum’ prefactor h_{qu} and compare it with the one obtained in [28]. We will do such comparison in two ways, namely by performing a T-duality in one of the T^2 radii and then in the other one, obtaining the same result in both cases. As a byproduct of this computation we will gain some understanding of the action of T-duality on the chiral fields of the compactification.

7.1 Intersecting brane Yukawas

As was shown in [27], the computation of Yukawas in the context of Intersecting Brane Worlds in toroidal compactifications can be nicely expressed in terms of theta functions. More precisely, it was found that the formula for Yukawa couplings in a factorizable T^{2n} was found to be

Y_{ijk} = h_{qu} · h_{cl} = h_{qu} σ_{abc} n∏ r=1 ϑ [ δ^{(r)} ϕ^{(r)} ] (ν^{(r)}, κ^{(r)}) (7.1)

where the ϑ-function parameters are given by

δ^{(r)} = i^{(r)} I^{(r)}_{ab} + j^{(r)} I^{(r)}_{ca} + k^{(r)} I^{(r)}_{bc} + I^{(r)}_{ab} ϵ^{(r)}_c + I^{(r)}_{ca} ϵ^{(r)}_b + I^{(r)}_{bc} ϵ^{(r)}_a I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} , (7.2)

ϕ^{(r)} = I^{(r)}_{ab} θ^{(r)}_c + I^{(r)}_{ca} θ^{(r)}_b + I^{(r)}_{bc} θ^{(r)}_a , (7.3) ν^{(r)} = 0 , (7.4)

κ^{(r)} = B^{(r)} α^′ I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} + i A^{(r)} 4πα^′ |I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} | = { J^{(r)}(I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} ) if σ^{(r)}_{abc} > 0 J̄ (r)(I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} ) if σ^{(r)}_{abc} < 0

(7.5)

where I^{(r)}_{ab} are the intersection numbers between the D-branes a and b in the r^{th} twotorus, and i^{(r)} = 0, . . . , |I^{(r)}_{ab} | − 1 label such intersections. The continuous parameters ϵ^{(r)}_a , θ^{(r)}_a ∈ [0, 1] indicate the position and the Wilson line of the D-brane a in the r^{th} T^2, etc. whereas J^{(r)} = (B^{(r)} + iA^{(r)}/4π^2)/α^′ is the complexified Kähler parameter of the r^{th} twotorus. Finally, σ^{(r)}_{abc} = sign(I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} ) and σ_{abc} = sign(I_{ab}I_{bc}I_{ca}). We are also supposing that g.c.d.(I^{(r)}_{ab} , I^{(r)}_{bc} , I^{(r)}_{ca} ) = 1 (otherwise δ^{(r)}_{ijk} changes, see [27]).

In order to compare (7.1) with the results of section 5, it is convenient to express this quantity in terms v.e.v.’s of complex fields. Indeed, notice that we can rewrite (7.1) as

Y^{int}_{ijk} = h_{qu} σ_{abc} n∏ r=1 e^{H(r)int /2}e^{πi(ν(r))2/(I(r)ab I(r)bc I(r)ca )J (r)} ϑ [ δ^{(r)}_{ijk} 0 ] ( ν^{(r)}, (I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} )J^{(r)} ) (7.6)

– 48 – where now the parameters are δ^{(r)}_{ijk} = i^{(r)} I^{(r)}_{ab} + j^{(r)} I^{(r)}_{ca} + k^{(r)} I^{(r)}_{bc} (7.7)

ν^{(r)} = I^{(r)}_{ab} ν^{(r)}_c + I^{(r)}_{bc} ν^{(r)}_a + I^{(r)}_{ca} ν^{(r)}_b , (7.8) ν^{(r)}_a = θ^{(r)}_a + J^{(r)}ϵ^{(r)}_a , etc. (7.9)

with J^{(r)} defined as before and

H^{(r)}_{int} = − 2πi ( I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} )_{−1} (_{Im(J̄ (r)ν(r))}

Im J^{(r)}

)_2

J^{(r)}

. (7.10)

In fact, expressions (7.6), (7.10) are valid for σ^{(r)}_{abc} = 1, ∀r. In case we choose σ^{(s)}_{abc} = −1 for any s we must substitute J^{(s)} → J̄^{(s)} and ν^{(s)}_a → ν̄^{(s)}_a , which amounts to taking the complex conjugate of the r^{th} factor in (7.6). This is required by hermiticity of the effective lagrangian, since changing the sign of the intersection numbers changes the chirality of the fields at the intersection. Notice that we have found the same feature in the T-dual picture of magnetized D-branes. For simplicity, in the rest of this section we will consider σ^{(r)}_{abc} = 1, ∀r.

Finally, notice that (7.6) is not holomorphic in the open string moduli ν^{(r)}_α . This may seem a little suspicious at first sight, since the ‘classical’ contribution is nothing but a sum ∑ e^{−S} over holomorphic worlsheet instantons, and in heterotic models this provides a holomorphic function of the compactification moduli [38]. This seems also to be the case for type-IIA compactifications on CY_3 and with D6-branes wrapping Special lagrangian cycles, at least if the open string instantons involve only one boundary [39, 40]. When several boundaries are involved, however, we don’t expect this to be the case, since the position and the Wilson lines which make up the complex field ν_a do not have a symmetric role when evaluating the world-sheet action (see figure 6). Actually, evaluating holomorphic instantons (that is, surfaces calibrated by the Kähler form ω) only guarantees a expression holomorphic in the Kähler parameters, in this case J^{(r)}, and not on the open string moduli ν^{(r)}_a . Of course, in a supersymmetric compactification where we can understand Yukawa couplings as coming from a superpotential, the classical contribution h_{cl} = ∑ e^{−S} (which encodes all the open string moduli dependence) must be holomorphic in all the fields up to a global term, that can be understood as a Kähler potential contribution to the 3-point function (5.41). The formula (7.6) is a good example of all these facts.

7.2 Matching by T-duality In order to relate (7.6) to the results of section 5 we need first to perform a T-duality transformation on the fields involved in the toroidal compactification. There are two different ways of doing this, corresponding two the two different radii of T^2. In each case the transformation properties are different, but we should obtain the same final result. We will perform both computations in the specific case of T^2 × T^2 × T^2 compactifications, but it is straightforward to generalize it to arbitrary number of tori. Before doing so, let us rewrite the 3-point function (5.42) in terms of more geometrical variables. First, instead of Ĩ_{αβ} ,

– 49 –

Figure 6: Evaluating worldsheet instantons involving several boundaries will in general not yield a holomorphic function of the open string moduli ν_a = θ_a+Jϵ_a, even in supersymmetric constructions, since their behaviour is asymmetric in θ_a and ϵ_a. In the figure we illustrate the evaluation of the smallest instanton between three different boundaries. Notice that the area of the instanton will change, and so will the action, if we vary the position ϵ_a of the D-brane a, and we move it away from the point where all three intersection The action will not change, however, if we stay at this point and arbitrarily vary the Wilson lines. See [27] for more details on these kind of compactifications. let us consider the ‘slopes’ θ^{(r)app} αβ = 4π Ĩ^{(r)}_{ab} (A^{(r)}/α^′)

(7.11)

which correspond to the spacing between particles in the tower of massive replicas (‘gonions’) of chiral fermions and bosons. Actually, these quantities specify the harmonic oscillator algebra (3.66) present at each chiral sector of the theory. We will encode such slope dependence in the function

Θ^{(r)} = θ^{(r)app} 1 θ^{(r)app}_2 θ^{(r)app} 1 + θ^{(r)app}_2

. (7.12)

We can thus rewrite (5.42) as Y_{ijk}=σ_{abc}(2π)^{−9/4}e^{ϕ4/2} 3∏ r=1 ( Im τ^{(r)} )_{1/4} | |Θ^{(r)} | |^{1/4} e_H^{(r)}_{mag/2}ϑ [ δ^{(r)}_{ijk} 0 ] ( ζ̃^{(r)}, τ^{(r)}|I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} | )

(7.13) where

H^{(r)}_{mag} = 2πi|I^{(r)}_{ab} I^{(r)}_{bc} I^{(r)}_{ca} |^{−1} ζ̃(r) · Im ζ̃(r) Im τ (r) (7.14)

and we have considered the four-dimensional dilaton ϕ_4, defined as

e^{ϕ4} = e^{ϕ10} 3∏ r=1 ( Im J^{(r)} )_{−1/2} , (7.15)

Im J^{(r)} = A^{(r)} 4π^2α^′

, (7.16)

J^{(r)} being the standard Kähler modulus of the r^{th} two-torus.^{23}

23Despite the notation, Im J^{(r)} should not be seen as the imaginary part of the complex field J^{(r)}, whose real part is not even a dynamical field in type-I models. Indeed, as seen in [22], it pairs with RR-field to form the complex scalar of an N = 1 chiral multiplet.

– 50 –

7.2.1 Horizontal T-duality Let us first perform a simultaneous T-duality on the first radius of each T^2, that is along the direction given by Im(τz̄). We need to relate quantities by the T-duality transformation τ ↔ J ζ̃ ↔ ν (7.17)

for each T^2 (for the sake of clarity, we will suppress the indices (r) from now on). We now make the substitutions (7.17) in (7.6), obtaining that the theta functions match exactly, whereas the exponential factors become

2πi|I_{ab}I_{bc}I_{ca}|^{−1} ( ν^2 − ( Im(J̄ν)/Im J )_2) J = πi|I_{ab}I_{bc}I_{ca}|^{−1} ( ν · Im ν Im J + Im ν · Im(J̄ν) (Im J)^2 )

= 2πi|I_{ab}I_{bc}I_{ca}|^{−1} ( ζ̃ · Im ζ̃ Im τ + Im ζ̃ · Im(τ̄ζ̃) (Im τ)^2 )

∼ 2πi|I_{ab}I_{bc}I_{ca}|^{−1} ζ̃ · Im ζ̃ Im τ

(7.18)

where ∼ stands for equality up to a global phase upon exponentiation. We thus see that the part of the Yukawa coupling (7.13) depending on the open string moduli ζ̃ precisely matches the classical worldsheet contribution to the Yukawa couplings computed in [27].

We are thus led to the identification

h_{qu} ↔ (2π)^{−9/4}e^{ϕ4/2} ∏ r (Im τ)^{1/4} |Θ|^{1/4} (7.19)

The idea is now to relate this prefactor (7.19) with the BCFT computation in [28]. Now, in [28] a quite similar expression was obtained as a prefactor. Namely, a square root of products of gamma functions given by

Γ(1 − θ_{ab})Γ(1 − θ_{ca})Γ(θ_{ab} + θ_{ca}) Γ(θ_{ab})Γ(θ_{ca})Γ(1 − θ_{ab} − θ_{ca}) = θ_{ab}θ_{ca} θ_{ab} + θ_{ca} · | | |B(−θ^{ab}, −θ^{ca}) B(θ_{ab}, θ_{ca}) | | | . (7.20)

The quotient of Beta functions quickly decreases to one for small angles, as can be seen by using the definition of the Beta function and the Weierstrass form for the gamma function

Γ(x)^{−1} = xe^{γx} ∞∏ p=1 ( 1 + x p ) e^{−x/p} (7.21)

which may also provide a way to measure the deviation of CFT computations from field theory results. We clearly recover the form of the prefactor (7.11) for small angles. We do not, however, recover the square root of [28], but rather a 1/4 power instead.

Apart from the slope-dependent prefactor we are left with

(2π)^{−9/4}e^{ϕ4/2} ∏ r (Im τ)^{1/4} . (7.22)

– 51 –

The four-dimensional dilaton does not change under T-duality, so that we recover the prefactor

(2π)^{−9/4}e^{ϕ4/2} ∏ r (Im τ)^{1/4 (7.17)}−→ (2π)^{−9/4}e^{ϕ4/2} ∏ r (Im J)^{1/4} = (2π)^{−9/4}e^{ϕ10 /2} (7.23)

nicely matching the prefactors in [28].

7.2.2 Tilted T-duality

We now consider the magnetized compactification again and perform a T-duality along the second radius of each T^2, that is along the tilted direction given by Im z. After that, we get a intersecting D-brane model which has the same intersection numbers, and hence the same Yukawas, as the one we would obtain in the previous subsection. It will have, nevertheless, different wrapping numbers.

Before doing that, let us rewrite the Yukawa couplings (7.13) in terms of the elements of the ‘alternative’ basis (3.72). Y_{lmn} = |I_{ab}I_{bc}I_{ca}|^{−1/2} ∑ i,j,k e^{2πi} (_{il} Iab +^{jm}_{Ica} +^{nk}_{Ibc} ) Y_{ijk} (7.24)

where Y_{ijk} is given by (5.31). Notice that, if g.c.d.(I_{ab}, I_{bc}, I_{ca}) = 1 then we can perform the following relabeling of indices i^′ = i · I_{bc}I_{ca} mod I_{ab} j^′ = j · I_{ab}I_{bc} mod I_{ca} k^′ = k · I_{ca}I_{ab} mod I_{bc} (7.25)

so that we have ∑ i^′,j^′,k^′ e^{2πi} (_{i′l} Iab +^{j′m}_{Ica} +^{n′k}_{Ibc} ) ϑ [ δ_i′_j′_k′ 0 ]( ζ̃, τ|I_{ab}I_{bc}I_{ca}| ) = ∑ i,j,k e^{2πi} ( il^{IbcIca}_{Iab} +jm^{IabIbc}_{Ica} +nk^{IcaIab}_{Ibc} ) ×

×ϑ [ δ_{ijk} 0 ] ( ζ̃, τ|I_{ab}I_{bc}I_{ca}| ) (7.26) = ϑ [ 0 δ_{lmn} ]( ζ̃/|I_{ab}I_{bc}I_{ca}|, τ/|I_{ab}I_{bc}I_{ca}| ) (7.27)

The Yukawa couplings in the basis (3.72) are given by Y_{lmn} = σ_{abc} e^{ϕ4/2} (2π)^{9/4} ∏ r ( Im τ |I_{ab}I_{bc}I_{ca}|^2 )_{1/4} |Θ|^{1/4} e^{Hmag /2} ×

×ϑ [ 0 δ_{lmn} ] ( ζ̃/|I_{ab}I_{bc}I_{ca}|, τ/|I_{ab}I_{bc}I_{ca}| ) . (7.28)

– 52 –

Now we identify fields under the T-duality transformations τ ↔ − 1 J ζ̃ ↔ ν J . (7.29)

Making the substitutions (7.29) in (7.28), and using the transformation properties of the theta function ϑ [ α β ] ( ν κ , − 1 κ ) = (−iκ)^{1/2}e^{2iπαβ+iπν2 /κ} ϑ [ β −α ] (ν, κ) (7.30)

we get that ϑ [ 0 δ_{lmn} ] ( ζ̃/|I_{ab}I_{bc}I_{ca}|, τ/|I_{ab}I_{bc}I_{ca}| ) = ϑ [ 0 δ_{lmn} ] ( ν κ , − 1 κ )

= (−iκ)^{1/2}e^{iπν2/κ} ϑ [ δ_{lmn} 0 ] (ν, κ) (7.31)

where we have defined κ = J · |I_{ab}I_{bc}I_{ca}| . (7.32) We also get 2πi|I_{ab}I_{bc}I_{ca}|^{−1} ζ̃ · Im ζ̃ Im τ = −2πi|I_{ab}I_{bc}I_{ca}|^{−1} ν J Im(J̄ν) Im J

. (7.33)

Notice that the exponentials of (7.10) and (7.33) match up to a phase. We are now left with e^{ϕ4/2} (2π)^{9/4} ∏ r (Im τ)^{1/4} |Θ|^{1/4} (−iτ)^{−1/2} . (7.34)

The identification of the slope-dependent prefactors works in the same way as in the previous T-duality transformation, so after identifying them we recover e^{ϕ4/2} (2π)^{9/4} ∏ r ( − Im τ τ^2 )_{1/4} (7.35)

matching the previous result (7.23) after the transformation (7.29).

Notice that both T-dualities lead us to the same ’quantum’ prefactor in the intersecting D-brane setup. Moreover, by substituting the field theory quantity Θ by the string theory analogue we recover a more symmetric expression in the angles.

h_{qu} = e^{ϕ10/2} (2π)^{9/4} ∏ r ( |θ^{(r)app} ab ||θ^{(r)app}_{ca} | |θ^{(r)app} ab | + |θ^{(r)app}_{ca} | )_{1/4}

≃ e^{ϕ10/2} ∏ r Γ ( 1 − θ^{(r)}_{ab} ) Γ ( 1 − θ^{(r)}_{ca} ) Γ ( 1 − θ^{(r)}_{bc} ) (2π)^3 Γ ( θ^{(r)}_{ab} ) Γ ( θ^{(r)}_{ca} ) Γ ( θ^{(r)}_{bc} ) 1/4 (7.36)

where we have made the substitution θ^{(r)}_{bc} = 1 − θ^{(r)}_{ab} − θ^{(r)}_{ca} implicit in (7.20) [28].

– 53 –

Magnetized D-branes Intersecting D-branes

Figure 7: Action of T-duality on chiral fields. T-duality maps the chiral fields at intersection points to wavefunctions defined on the whole compactification space. However, their probability density is delocalized in the directions of the T-duality and peaked in the transverse directions. Here we have considered the case of a horizontal T-duality acting on the wavefunctions in figure 4.

7.3 Chiral fields and T-duality

The previous matching of Yukawa couplings in magnetized D9-branes and intersecting D6-brane models suggest an intuitive picture of how T-duality acts on the chiral fields at intersection points. Indeed, notice that in order to match the Yukawas by means of a horizontal T-duality, we had to consider 3-point functions derived from the overlap of wavefunctions of the form (3.71), whereas in order to compare results after a tilted Tduality we had to reexpress the Yukawas in terms of the wavefunctions (3.72). Recall that (3.71) and (3.72) are the two canonical bases of wavefunctions on a T^2. The matching above then suggest that there is a one-to-one correspondence between them and the chiral fields localized at D6-brane intersections after performing T-dualities (7.17) or (7.29), respectively.

Let us reverse the point of view, and consider an intersecting D6-brane model. We can relate it to a type-IIB model with magnetized D9-branes by performing either three Tdualities of the form (7.17) or those of the form (7.29). After the T-duality transformation the chiral fields, which previously associated to a pointlike intersection of D6-branes, will be represented by either the wavefunctions (3.71) (if we choose (7.17)) or those in (3.72) (if we take (7.29)). Notice that in both cases the wavefunctions of those chiral fields have their profile delocalized in the directions where the T-dualities have been performed), whereas their profile strongly depends on the other directions (see figures 4 and 5).

This nicely matches with the intuitive picture that we have of T-duality of exchanging Dirichlet ↔ Neumann boundary conditions, and hence changing the dimension of D-branes. Indeed, what in the type-IIA picture was a D6-brane, localized in a 3-cycle of T^6, after a T-duality becomes a type-IIB D9-brane wrapping the whole compactification space.^{24} Actually, it is amusing to notice that these well-known facts about D-brane physics can also be understood in terms of delocalization of wavefunctions, this time those of the gauginos, which are given by a constant function localized in the worldvolume of a Dbrane.

24Unless some dimension of the D6-brane is parallel to a T-duality direction, of course.

– 54 –

7.4 The Kähler metrics of chiral fields revisited

As we discussed in section 5.3 in the magnetic flux picture, agreement with the supergravity formulae in the case of SUSY compactifications gives a constraint that the Kähler metrics of the chiral fields should obey. In the case of the intersecting D6-brane picture the analogous to eq. (5.51) is

(K_{ab}K_{bc}K_{ca})^{−1} e^K = e^{ϕ4} 3∏ r=1 ( Im J^{(r)} )_{1/2} | |Θ^{(r)} | |^{1/2} e^{H̃(r)} (7.37)

which yields

K_{ab}K_{bc}K_{ca} = e^{3ϕ4} 3∏ r=1 ( Im J^{(r)} )_{−3/2} (2π)^3 Γ ( θ^{(r)}_{ab} ) Γ ( θ^{(r)}_{bc} ) Γ ( θ^{(r)}_{ca} ) Γ ( 1 − θ^{(r)}_{ab} ) Γ ( 1 − θ^{(r)}_{bc} ) Γ ( 1 − θ^{(r)}_{ca} ) 1/2 e^{−H̃(r)} . (7.38) This seems to suggest a dependence of the chiral fields Kähler metric on the Wilson lines and twist angles of the form

K_{ab} ∝ 3∏ r=1 2π Γ ( θ^{(r)}_{ab} ) Γ ( 1 − θ^{(r)}_{ab} ) 1/2 e^{2πĨ(r)ab} ( Im ζ (r) ab )2

Im J(r) (7.39)

where we have used a decomposition of H̃^{(r)} analogous to the second line of (5.32). It would be interesting to compare these constraints with explicit expressions for the Kähler metrics of the chiral matter fields at intersections [41, 30], as well as derivation of the Wilson line dependence of such metrics from direct BCFT computations, along the lines of [30].

8. A 3-generation MSSM-like model

As we mentioned above, the expressions here obtained may be used to compute the Yukawa couplings of the T-dual of the intersecting brane models in ref. [20] whose massless fermion spectrum is that of the non-SUSY SM or, in general, all of the toroidal models in [4, 6, 18, 19, 24, 25]. For definiteness let us discuss here the T-dual of the model discussed in section 4 of ref. [27]. This model has a spectrum quite close to that of a 3-generation MSSM and is simple enough so that we can display the explicit expressions for the Yukawa couplings without much complication. We leave a more systematic phenomenological analysis of the different models for future work.

The model may be constructed as follows (see figure 8). Consider as starting point a U(4) D = 10 Yang Mills theory and let us compactify it on T^2 × T^2 × T^2.^{25} To obtain

25This may be considered as a subset of a type-I string toroidal compactification. In fact, from type-I we should consider an SO(8) theory, broken to U(4) by the addition of a non-trivial flux/Wilson lines. We will not dwell in the details of the full type-I construction, though, since it would deviate us from the main point of this section.

– 55 –

Figure 8: Structure of the 3-generation MSSM-like model described in the text. D9-branes with U(4) gauge group are wrapping the 6-torus and are subject to 3 units of magnetic flux in the second and third tori. One D5_b(D5_c) brane is wrapping the second(third) torus and is pointlike (black dots and crosses respectively) in the other two tori.

chirality we add twelve units of magnetic flux along the second and third torus (circles in the figure), i.e., we have a flux of the form

F_z2_{z̄}2 = 12πi Im τ^{(2)}

1_4 → (n^{(2)}_a , m^{(2)}_a ) = (4, 12) = 4 · (1, 3)

F_z3_{z̄}3 = − 12πi Im τ^{(3)}

1_4 → (n^{(3)}_a , m^{(3)}_a ) = (4, −12) = 4 · (1, −3) . (8.1)

As it was seen in section 4, this flux does not break the U(4) gauge group nor needs of the addition of non-abelian Wilson lines. Hence, we can think of this configuration as a stack of 4 D9_a-branes wrapping the 6-torus and each of them subject to 3 = 12/4 units of quantized flux on the second and third torus. We now add a couple of D5-branes: the first D5_b is wrapping the second torus and is pointlike in the first and third tori (black dots in the figure). The second brane D5_c is wrapping the third torus and is localized in the other two (crosses in the figure). It is well known that in type-I theory the gauge group in the worldvolume of n parallel 5-branes is USp(2n). In our case with two sets of isolated D5-branes the overall gauge group will be U(4)_a × SU(2)_b × SU(2)_c, since USp(2) = SU(2). Now, solving Dirac equation on this background we will get bifundamental massless chiral fermions transforming under this gauge group as 3(4, 2, 1) + 3(¯4, 1, 2). We get three copies because of the three units of magnetic fluxes that we added. Thus in the end we get a Pati-Salam type of model with three generations of quarks and leptons.

This is just a T-dual version of the model described in section 4 of ref. [27] and more details about its structure may be found in that reference. Let us just mention that the U(1) in U(4) is anomalous and becomes massive through a generalized Green-Schwarz mechanism in the standard way. Furthermore, one can break SU(4) → SU(3) × U(1)_{B−L} and SU(2)_c → U(1) by a judicious choice of Wilson lines on the worldvolume of the D5- branes, so that at the end of the day one is left with 3 generations of quarks and leptons and gauge group SU(3)×SU(2)_L×U(1)_Y ×U(1)_{B−L}. The charged particle spectrum in this sector of the theory is supersymmetric if one chooses equal areas for the second and third tori.^{26} Let us finally mention that there is a minimal Higgs sector like that in the MSSM

26This is the T-dual of the SUSY condition in the case of intersecting branes, which requires equal complex structure in the second and third tori [27]. See appendix B.

– 56 – if both D5-branes sit on top of each other in the first torus (couple of nearby points in the first torus in the figure).^{27} All in all, the final spectrum in this subsector of the theory gets quite close to the form of the MSSM.^{28}

Let us now discuss the structure of Yukawa couplings in the above model. To simplify the formulae let us consider the initial Pati-Salam version with gauge group U(4)×SU(2)× SU(2), in which there is a single set of Yukawa couplings Y_{ij}(4.2, 1)^i(¯4, 1, 2)^j (1, 2, 2). The only aspect which is a bit unfamiliar is the presence of D5-branes but we already showed in section 6 how to deal with them. Looking at figure (8) we see that the first torus does not give us any flavour structure since both 5-branes are pointlike and on top of each other (so that there is a massless Higgs field transforming like (1, 2, 2)). For the second and third tori we can apply the results in previous sections without any modification. In the present example we have (in the notation of section 5.1) s^{(r)}_a = m^{(r)}_a /4 = ±3, so I^{(r)}_{αβ} = Ĩ^{(r)}_{αβ} = I^{(r)}_{αβ} /4, α, β = a, b, c and I_{αβ} are the relevant numbers to be introduced in the general formula (5.27). They are given by

I^{(2)}_{ab} = −I^{(3)}_{ac} = 3 I^{(2)}_{ac} = I^{(3)}_{ab} = I^{(2)}_{bc} = −I^{(3)}_{bc} = 1 ζ̃^{(2)} = 3(ζ^{(2)}_a + ζ^{(2)}_c ) ; ζ̃^{(2)}_b = 0 ζ̃^{(3)} = 3(ζ^{(3)}_a + ζ^{(3)}_b ) ; ζ̃^{(3)}_c = 0 (8.2)

where we have also specified the relevant combinations of Wilson lines. In this case we only have two such combinations, corresponding to the U(1) inside U(4) and the second and third tori, with some contribution of the D5-brane positions ζ^{(2)}_c and ζ^{(3)}_b . The combinations are ζ^{(2)} = ζ^{(2)}_a + ζ^{(2)}_c and ζ^{(3)} = ζ^{(3)}_a + ζ^{(3)}_b , and we can directly write down the Yukawa couplings in terms of them as

Y_{ij} = e^{ϕ/2} √ 6 3∏ r=1 ( Im τ^{(r)} (A^{(r)}/α^′)^2 )_{1/4} · 3∏ r=2 e^{i6π} ζ̄(r) Im ζ̄(r) Im τ (r) ×

×ϑ [ i/3 0 ] ( 3ζ̄^{(2)}, 3τ̄^{(2)} ) ϑ [ j/3 0 ] ( 3ζ̄^{(3)}, 3τ̄^{(3)} ) (8.3)

where e^ϕ is the D = 10 dilaton. One can easily show that these couplings are consistent with the ones obtained in [27] for a T-dual version of this model.^{29} There it was shown that in this simple model there is a single quark-lepton generation which becomes massive if the Higgs field gets a vev, which is a good starting point to reproduce the observed structure of quark and lepton masses. The existence of a single massive family is due

27In other words, there is μ mass term for the Higgs multiplets which is proportional to the distance between both D5-branes in the first torus.

28It turns out that in the present model this subsector respects N = 1 SUSY but the stringent conditions of RR-tadpole cancellation requires the presence of other branes which do not respect SUSY, so that the complete model is actually non-supersymmetric. Still its simplicity makes it a good choice to show an explicit result for Yukawa couplings.

29In order to relate both systems, one needs to perform a tilted T-duality described in section 7.2.2 [19].

– 57 – to the factorization of the physics on the second and third tori of this particular model. Considering e.g., non-factorizable tori as discussed at the end of section 4 would modify this.

Note the following interesting point. Since the effective field theory from the heterotic SO(32) string is also D = 10, N = 1 SYM theory, a model similar to the above should be obtained starting from the heterotic string. The structure is identical, the only difference being that the SU(2)_b × SU(2)_c gauge symmetries which came from D5-branes will come now from small instantons which are known to lead to simplectic groups. Thus the above model admits a (non-perturbative) heterotic construction involving small instantons.

9. Final comments and conclusions

In this paper we have computed the explicit form of Yukawa coupling constants in toroidal compactifications of D = 10 SUSY Yang-Mills theories with constant magnetic fluxes. The results may also be applied to D = 6, 8 extra dimensional models. The set-up studied is quite interesting, since it contains chiral fermions yet is simple enough so that one can explicitly obtain the wavefunctions of the light modes by explicitly solving Dirac and Laplace equations in the compact dimensions. This allow us to compute the Yukawa couplings as overlap integrals over the compact toroidal dimensions. Given the toroidal geometry is perhaps not surprising that both the wavefunctions and the Yukawa couplings obtained are given by products of Jacobi theta-functions in the case of a factorizable torus, and Riemann theta-functions in the general case. One would expect that in more complicated e.g. Calabi-Yau compactifications the Yukawa couplings will also be some type of automorphic forms.

The class of models studied are T-dual to models of intersecting D-branes recently studied in the literature. Models with phenomenological interest have been constructed using that approach in recent years. We have found that, after appropriate redefinitions of the moduli and Wilson lines, the results obtained in both approaches agree in the dilute flux (small angle) approximation. This is interesting since both calculations are apparently quite different. In the flux case it is an exercise in Kaluza-Klein compactification whereas in the intersecting D-brane side is a stringy computation.

The Yukawa couplings obtained depend on the complex structure and Wilson lines of the model. We have shown that the wavefunctions of chiral modes have a gaussian profile in extra dimensions. Since the Wilson lines control the location of the maxima of these gaussians, one can modify the results for Yukawa couplings by appropriately varying the Wilson line variables. Large Yukawa couplings should appear when the maxima of the three wavefunctions in the overlap integral coincide. On the other hand small Yukawa couplings should appear for wavefunctions with little overlap. This degree of freedom should be useful in order to reproduce the hierarchical structure of Yukawa couplings in a fully realistic model. Note that the Wilson line degree of freedom may be also understood as contributions from non-renormalizable Yukawa couplings. Indeed in the present class of models the Wilson lines correspond to the vacuum expectation values of singlet (or adjoint) complex scalars so that, expanding the Yukawa couplings on those fields one gets effective

– 58 – non-renormalizable couplings involving those scalars in addition to the fermions and the Higgs doublet. This kind of structure has been abundantly used in phenomenological analysis of Yukawa textures in the literature.

As an example of the ideas studied in the paper we have briefly discussed a semirealistic model with three quark-lepton generations. We leave for future research a more systematic study of explicit models which could perhaps be able to reproduce the observed quark/lepton masses and mixing. Note as a general remark that, due to the complex nature of both the tori complex structure as well as the Wilson lines, the Yukawa couplings are complex quantities and thus CP violation should be a generic property in a general model of this type.

Acknowledgments

We thank P.G. Cámara, A. Font, R. Rabadán, G. Shiu and A. Uranga, for useful discussions. L.E.I. thanks CERN’s Theory Division for hospitality. This work has been partially supported by the European Commission under the RTN contract HPRN-CT-2000-00148 and the CICYT (Spain). The work of D.C. is supported by the Ministerio de Educación, Cultura y Deporte (Spain) through a FPU grant. The work of F.M. was supported in part by NSF CAREER Award No. PHY-0348093, and in part by funds from the University of Wisconsin.

A. Dimensional reduction of N = 1 Super Yang-Mills

Let us consider N=1 Super Yang-Mills theory in D dimensions, D being even. Such theory is described by the action S_D = ∫ d^Dw L_B + L_F (A.1)

where L_B = − 1 4g^2 Tr { F^{MN} F_{MN} } , L_F = i 2g^2 Tr {¯ λΓ^M D_M λ } (A.2)

are the bosonic and fermionic part of the action, respectively, and M, N = 0, . . . , D − 1. The gauge group field strength F_{MN} and covariant derivative D_M are given, as usual, by

F_{MN} = ∂_M A_N − ∂_N A_M − i[A_M , A_N ] (A.3) D_M λ = ∂_M λ − i[A_M , λ] (A.4)

where both the D-dimensional vector A_M and spinor λ transform in the adjoint of the corresponding gauge group G. This action is invariant under supersymmetry as well as the gauge transformations

A_M → A_M + ∂_M θ + i[θ, A_M ] (A.5) λ → λ + i[θ, λ] (A.6) θ being an arbitrary function of w taking values on adjoint of G.

– 59 –

For the sake of concreteness let us choose the gauge group G = U(N). The Lie algebra basis of such group can be chosen to be (U_a)^i_j = δ_{ai}δ_{aj} , (e_{ab})_{ij} = δ_{ai}δ_{bj} . We can then expand the fields in the adjoint A_M and λ in terms of such basis of generators as

A_M = B_M + W_M = B^a_M U_a + W^{ab}_M e_{ab} (A.7) λ = χ + Ψ = χ^aU_a + Ψ^{ab}e_{ab} . (A.8)

Hermiticity of the U(N) generators imposes B_M and χ to be real and W^{ab}_M = (W^{ba}_M )^∗, Ψ^{ab} = (Ψ^{ba})^∗. Substituting (A.8) into the fermionic lagrangian L_F we find

L_F = L^{(2)}_F + L_Y^′ + L_F^′ (A.9)

where

L^{(2)}_F = i 2g^2 Tr {¯ ΨΓ^M ∂_M Ψ − iΨ̄Γ^M [B_M , Ψ] } , L_Y^′ = 1 2g^2 Tr {¯ ΨΓ^M [W_M , Ψ] } , L_F^′ = i 2g^2 Tr { χ̄Γ^M ∂_M χ − iχ̄Γ^M [W_M , Ψ] − iΨ̄Γ^M [W_M , χ] } , (A.10)

and performing an analogous computation with the expansion (A.7) and L_B we get

L_B = L^{(2)}_B^′ + L^{(4)}_B^′ + L_B^′ (A.11)

with

L^{(2)}_B^′ = − 1 2g^2 Tr { D_M W_N D^M W^N − D_M W_N D^N W^M − iG_{MN} [W^M , W^N ] }

L^{(4)}_B^′ = 1 4g^2 Tr { [W_M , W_N ][W^M , W^N ] }

L_B^′ = i 2g^2 Tr { (D_M W_N − D_N W_M )[W^M , W^N ] } − 1 4g^2 Tr { G_{MN} G^{MN} } (A.12)

where we have defined

G_{MN} = ∂_M B_N − ∂_N B_M (A.13) D_M W_N = ∂_M W_N − i[B_M , W_N ] . (A.14)

Now, let us expand all fields in terms of their Lie algebra components as in (A.7), (A.8). We find

L^{(2)}_B = i 2g^2 ( G^a_{MN} − G^b_{MN} ) ( (W^{Mab})^∗W^{Nab} − (W^{Nab})^∗W^{Mab} ) − − 1 2g^2 [ (D_M W_N )^{ab∗}(D^M W^N )^{ab} − (D_M W_N )^{ab∗}(D^N W^M )^{ab} ]

L^{(4)}_B = 1 2g^2 [ W^{ab}_M W^{bc}_N W^{Mcd}W^{Nda} − W^{ab}_M W^{bc}_N W^{Ncd}W^{Mda} ]

L^{(2)}_F = i 2g^2

Ψ̄_{ba}Γ^M (D_M Ψ)^{ab}

L_Y = 1 2g^2 ( Ψ̄^{ab}Γ^M W^{bd}_M Ψ^{da} − Ψ̄^{ab}Γ^M W^{ca}_M Ψ^{bc} ) (A.15)

where D_M Ψ is defined as in (A.14).

– 60 –

Notice that, up to now, we have done nothing but reexpressing equation (A.1) in terms of the new fields B^a_M (w), W^{ab}_M (w), χ^a(w) and Ψ^{ab}(w). Let us now compactify this theory in a D − 4 dimensional manifold M_{D−4} performing the dimensional reduction from D to 4 dimensions in two steps. First, let us decompose the D-dimensional fields B^a_N (w) and W^{ab}_N (w) into the usual components B^a_μ(w), B^a_i (w), W^{ab}_μ (w) and W^{ab}_i (w) μ = 0, . . . , 3, i = 4, . . . , D − 1. Since we are interested in maintaining Poincaré invariance in the μ coordinates, we are free to give non-vanishing vevs for B^{ab}_i (w) and W^{ab}_i (w):

B^a_i (w) = ⟨B^a_i ⟩(y) + C^a_i (w) (A.16) W^{ab}_i (w) = ⟨W^{ab}_i ⟩(y) + Φ^{ab}_i (w) . (A.17)

Notice that these vevs can only depend on the compact coordinates y if we want to preserve four-dimensional Poincaré invariance. These non-vanishing vevs will generically break gauge invariance. These expectation values correspond to the turning of magnetic field in the compact dimensions. In the following we will consider ⟨W^{ab}_i ⟩(y) = 0, that is, we will restrict ourselves to abelian fields in the compact space. Moreover, the case we will ultimately be interested of is constant magnetic fields.

Since our interest in this paper is to compute Yukawa couplings in the lower dimensional theory, we focus on the terms in (A.15) involving D = 4 fermions and scalars. Such scalars are given by the fields C^a_i (w) and Φ^{ab}_i (w), so let us rewrite everything as

L^{(2)}_B^′ = L^{(2)}_B + L̃^{(2)}_B = i 2g^2 ( G^a_{ij} − G^b_{ij} ) ( (Φ^{iab})^∗Φ^{jab} − (Φ^{jab})^∗Φ^{iab} ) − − 1 2g^2 [ (D_μΦ^{ab}_i )^∗(D^μΦ^{iab}) + (D̃_iΦ^{ab}_j )^∗(D̃^iΦ^{jab}) −

− (D_μΦ^{ab}_i )^∗(D̃^iW^{μab}) − (D̃_iΦ^{ab}_j )^∗(D̃^j Φ^{iab}) ] + L̃^{(2)}_B

L^{(4)}_B^′ = L^{(4)}_B + L̃^{(4)}_B = 1 2g^2 [ Φ^{ab}_i Φ^{bc}_j Φ^{icd}Φ^{jda} − Φ^{ab}_i Φ^{bc}_j Φ^{jcd}Φ^{ida} ] + L̃^{(4)}_B

L^{(2)}_F = i 2g^2

Ψ̄^{ba}Γ^μD_μΨ^{ab} + i 2g^2

Ψ̄^{ba}Γ^iD̃_iΨ^{ab}

L_Y^′ = L_Y + L̃_Y = 1 2g^2 ( Ψ̄^{ab}Γ^iΦ^{bd}_i Ψ^{da} − Ψ̄^{ab}Γ^iΦ^{ca}_i Ψ^{bc} ) + L̃_Y (A.18)

where the L̃’s contain terms irrelevant for our subsequent discussion and we have defined the ’average’ covariant derivative by D̃_i = ∂_i − ig⟨B_i⟩. Notice that Φ^{ab}, Ψ^{ab} transform in the bifundamental representation of the (D-dimensional) gauge group U(1)_a ×U(1)_b, hence this derivative acts as

D̃_iΦ^{ab}_j = ∂_iΦ^{ab}_j − i⟨B^a_i ⟩W^{ab}_j + i⟨B^b_i ⟩W^{ab}_j (A.19)

same for Ψ^{ab}. L^{(2)}_B and L^{(2)}_F contain all the possible quadratic terms^{30} in Φ_i and Ψ, that can give rise to effective mass operators for the dimensional reduction of these fields.

30In the case of non-zero vevs for non-abelian internal gauge fields < W >_{iab} (y) ≠ 0 more terms like e.g. DM WN [W^M , W^N ] should be included in L^{(2)}_B and L^{(2)}_F .

– 61 –

The second step is to expand the D dimensional fields on a basis of eigenstates of the corresponding internal wave operator:

Ψ^{ab}(w) = ∑ n χ^{ab}_n (x) ⊗ ψ^{ab}_n (y) (A.20)

Φ^{ab}_i (w) = ∑ n φ^{ab}_{n i}(x) ⊗ ϕ^{ab}_{n i}(y) (A.21)

and so on for the rest of the fields, satisfying

iD̃/_{D−4}ψ^{ab}_n = iΓ^{(4)}Γ^iD̃_iψ^{ab}_n = m_nψ^{ab}_n (A.22) Δ_{D−4}ϕ^{ab}_{n i} = −D̃_jD̃^jϕ^{ab}_{n i} = M^2_{n i}ϕ^{ab}_{n i} (A.23)

where Γ^{(4)} = iΓ^1Γ^2Γ^3Γ^4. We are choosing the internal wavefunctions ψ^{ab}_n , ϕ^{ab}_{n i} to be dimensionless. The eigenvalues m_n, M^2_{n i} are directly related to the four-dimensional mass of the fields χ^{ab}_n , φ^{ab}_{n i}. Indeed, by applying the equations of motion we find

iΓ^{(4)}D/_4χ^{ab}_n = −m_nχ^{ab}_n (A.24)

Δ_4φ^{ab}_{n i} = M^2_{n i}φ^{ab}_{n i} − 2i ∫ M ⟨G^{a j}_i − G^{b j}_i ⟩φ^{ab}_{n j} . (A.25) Notice, as well, that in order to get canonical kinetic terms the (D − 4)-dimensional fields must satisfy [1] g^{−2} ∫ M d^{D−4}y ϕ^{ab}_{n i}(y)^∗ϕ^{cd}_{n i}(y) = δ_{ac}δ_{bd} (A.26) g^{−2} ∫ M d^{D−4}y ψ^{ab}_n (y)^†ψ^{ab}_n (y) = δ_{ac}δ_{bd} . (A.27)

Functional integration of the massive fields would yield a four dimensional theory including just the lightest modes. The massless four dimensional fields would be given by U(n_α) gauge bosons A^α_μ, the gauginos λ_α, the scalars in the adjoint c^α_i , and bifundamental spinors χ^{ab}_0 . There will also be bifundamental scalars φ^{ab}_i , which may be massive, massless or tachyonic depending on the details of the compactification. In a semi-realistic scenario, the D = 4 gauge group obtained after dimensional reduction is identified with Standard Model gauge group, the bifundamental fermions with the SM quarks and leptons and one bifundamental scalar with the Higgs boson. Finally, the several replicas of each field that may exist due to multiplicity of zero modes are identified with the different particle generations.

One of the main motivations of this paper is to compute the generic form of the Yukawa couplings for the lightest D = 4 fields in the class of compactifications described above. Using (A.18) and (A.21) we find that such couplings are given by

S_Y = 1 2g^2 ∑ IJK { ∫ d^4x χ̄^{ab}_I φ^{bd}_{J i} χ^{da}_K · ∫ M d^{D−4}y ψ^{ab}_I^† ϕ^{bd}_{J i} Γ^i ψ^{da}_K − − ∫ d^4x χ̄^{ab}_I φ^{ca}_{J i} χ^{bc}_K · ∫ M d^{D−4}y ψ^{ab}_I^† ϕ^{ca}_{J i} Γ^i ψ^{bc}_K } (A.28)

where the {I, J, K} index the replicas that may exist for each of these fields.

– 62 –

B. Magnetic fluxes and supersymmetry

The above discussion is also general in the sense that it does not depend whether the D = 4 low energy-theory is a supersymmetric field theory or not. When coupling SYM theory to gravity, however, it may be useful to consider compactifications where N = 1 supersymmetry is preserved in the effective theory, at least at the perturbative level. The amount of supersymmetry preserved at low energies depends on the geometrical details of the compactification. In the following, we briefly review the conditions for supersymmetric magnetized compactifications. We refer the reader to section 15 of [2] or ref. [42, 43] for more detailed discussions.

B.1 Hermitian Yang-Mills Equations Consider D = 10 SYM theory compactified in a 2n-dimensional manifold M_{2n}, coupled to N = 1 supergravity. Under the assumptions of H = dϕ = 0, the conditions for a local unbroken supersymmetry amount to having a covariantly constant spinor η. This in turn implies that the compact manifold M_{2n} is a Ricci-flat Kähler manifold, i.e., a Calabi-Yau n-fold CY_n. On the other hand, a non-trivial Yang-Mills gauge field A must have a field strength F = dA which obeys δλ = Γ^{ij}F_{ij} η = 0 (B.1) where λ stands for a ten-dimensional gaugino. If M_6 is a complex manifold (as the existence of the covariantly constant η would require) then we can rewrite (B.1) as [2]

F_{ab} = F_ā¯_b = 0 (B.2) g^{ab̄}F_a¯_b = 0 (B.3)

where g_a¯_b is the hermitian metric on M_{2n}. These two conditions are quite strong. For our purposes we may consider a slightly less constraining system of equations, which comes from coupling D = 10 SYM to N = 2 supergravity. Eq. (B.1) then generalizes to

δλ = Γ^{ij} F_{ij} η + η^′ = 0 (B.4)

where η^′ is the other covariantly constant spinor coming from extended supersymmetry. Eqs. (B.2), (B.3) then relax to

F_{ab} = F_ā¯_b = 0 (B.5) g^{ab̄}F_a¯_b = c · 1 (B.6)

where c is a constant which encodes which N = 1 subalgebra of N = 2 is preserved by the SYM theory. Eqs. (B.5) and (B.6) are known as hermitian Yang-Mills equations, and imply that the gauge field A solves the super Yang-Mills equations, hence giving rise to a supersymmetric gauge theory upon dimensional reduction. If M_6 is a Kähler manifold (which is again implied by the existence of a covariantly constant spinor), we can rewrite (B.6) as F ∧ ω^{n−1} = c ω^n · 1 (B.7) where ω is the Kähler form of M_6.

– 63 –

Eq. (B.5), provides a generalization of a holomorphic function on M_{2n}. Indeed, notice that (B.5) implies F_ā¯_b = i[D_ā, D¯_b] = i[∂_ā − iA_ā, ∂¯_b − iA¯_b] = 0, so if we assume that the gauge field A is hermitian, we can write it as

A_ā = −i∂_āV · V^{−1} , A_a = −i(∂_aV^{†−1}) · V^† , (B.8)

where V is a matrix-valued function on the coordinates (z^a, z̄^a). Then, if we define a field f to be ”holomorphic” by satisfying D_āf = 0 (B.9) then is easy to see that such field is of the form f = V g, where g is a holomorphic function in the usual sense, i.e., ∂_āg = 0. In geometrical terms, the gauge field A can be understood as a vector bundle E over M_{2n}. Now, a vector bundle satisfying (B.5) is a holomorphic vector bundle, in the sense that their transition functions can be chosen to be holomorphic [2]. The converse is also true. Hence, considering Yang-Mills fields satisfying (B.5) amounts to studying holomorphic gauge bundles.

On the other hand, eq. (B.6) is related to the notion of μ-stability by the theorems of Donaldson and Uhlenbeck-Yau. Indeed, let us consider an irreducible complex vector bundle E over a compact Kähler manifold M_{2n}, and whose field strength is given by F = dA. The degree of E is defined by deg(E) = ∫ M_{2n} c_1(E) ∧ ω^{n−1} = ∫ M_{2n} tr F ∧ ω^{n−1} (B.10)

where c_1(E) is the first Chern class of E. The relevant quantity is the slope of E which is defined as μ(E) = deg(E)/rank(E).^{31} Notice that μ depends on the Kähler moduli of M_{2n}, being independent of the complex structure moduli. A bundle E is said to be stable if for any subbundle S ⊂ E we have μ(S) ≤ μ(E). What the theorems above show is that any bundle E satisfying (B.5) (that is, a holomorphic bundle) and being μ-stable satisfies (B.6), and the other way round.

B.2 D-brane interpretation In general, we will consider a magnetic flux which is of the form

F = F_a F_b .. .

. (B.11)

Each box F_α, α = a, b, . . . represents an irreducible component of the vector bundle (that is, a subbundle). Turning on the magnetic flux F will break the initial gauge group G to a direct product of smaller gauge groups ∏ i G_i ⊂ G. Generically, each of these smaller gauge groups G_i will be an abelian U(1)_α factor associated to the component F_α. If we consider a compactification where F_αi = F_α, i = 1, . . . , N_α then we may have the gauge enhancement ∏ α^i U(1)α^i → U(Nα). 32 31See the main text for a less abstract definition of slope in terms of magnetized compactifications. 32Such gauge unhiggsing occurs if we have in addition A_αi = Aα, i = 1, . . . , Nα, i.e., if all the Wilson lines are equal.

– 64 –

This picture reminds of the gauge theory dynamics associated to D-brane physics and, in fact, it turns out that D-branes provide a nice physical realization of the mathematical results previously stated.^{33} In order to see this, consider type-IIB string theory compactified on M_6 with N D9-branes filling up the non-compact and the compact dimensions of our ten-dimensional theory. In principle, this will yield a D = 4 U(N) gauge theory upon dimensional reduction. Now, we are again allowed to introduce magnetic fluxes of the form (B.11) in the internal dimensions of the D9’s worldvolume, again breaking the U(N) gauge theory. To each factor F_α we associate a dynamical D9-brane α with gauge group U(1)_α. Notice that in general a dynamical D9-brane will be composed of k_α = rank F_α ≥ 1 type-IIB D9-branes. In fact, this is how we achieve gauge group rank reduction in this setup.

After turning on F , the spectrum of the dimensionally reduced theory can be arranged in several sectors:

• Closed strings. This will provide the gravity sector of the D = 4 theory.

• Open D9_αD9_α strings. Strings beginning and ending on the same dynamical brane will yield a U(1)_α gauge theory. A stack of N_α dynamical D9-branes with the same flux F_αi will yield a gauge group U(N_α) if there is no relative Wilson lines between them.

• Open D9_αD9_β strings. Strings stretching between two stacks of N_α, N_β dynamical branes may yield D = 4 chiral fermions, as well as scalars, transforming in the bifundamental representation (N_α, N̄_β) of the corresponding U(N_α) × U(N_β) gauge group.

Let us now analyze the supersymmetry conditions above in terms of this physical picture. The closed string sector of the theory is mainly sensitive to the geometry of the compact manifold M_6. Hence, the condition of M_6 being a Calabi-Yau three-fold translates into a (tree-level) D = 4 supersymmetric gravity sector.

Now let us introduce a magnetic flux satisfying eq. (B.5), that is, let us consider F being a (1, 1)-from. Without loss of generality, we can consider F to be of the blockdiagonal form (B.11) with a total of K blocks. Each block α corresponds to a stack of N_α dynamical branes, that is to a flux of the form F_α ⊗ 1_{Nα} , hence a U(N_α) gauge theory. The total flux F will provide us with a low energy field theory with gauge group ∏_K α=1 U(N_α).

Moreover, if each block α satisfies, by itself, the condition (B.6) we will actually have a low energy gauge theory which is a product of U(N_α) SYM theories.

Now, even if that is the case, the D9_αD9_β spectrum may not be supersymmetric. Indeed, each block α will have a slope c_α = μ(F_α). If c_α = c_β , then the D9_αD9_β sector will be supersymmetric. To each chiral fermion in a D9_αD9_β sector there will correspond a massless complex scalar arising from the same sector, completing a D = 4 N = 1 chiral multiplet in the (N_α, N_β ) representation. On the other hand, if c_α ≠ c_β, then the D9_αD9_β

33Recall, however, that our previous discussion is general and describes as well heterotic compactifications with non-trivial gauge fields A.

– 65 – sector will break supersymmetry, and the formerly supersymmetric partners of the chiral fermions will be either massive or tachyonic.

We then see that the conditions for supersymmetry, namely a covariantly constant spinor and the two Hermite Yang-Mills equations, can be matched with the supersymmetry conditions for the three different sectors of the theory at hand. They can be understood from demanding supersymmetry in the gravity, gauge and chiral sectors.

B.3 Mirror symmetry and stringy corrections

Actually, it turns out to be quite instructive to understand these supersymmetry conditions in terms of the T-dual or mirror symmetric picture. Indeed, T-duality relates type-IIB superstring theory on the compact manifold M_6 with type-IIA theory on its mirror W_6. Since we are supposing H = dϕ = 0 in both sides, the only way to achieve a supersymmetric gravity sector is to demand that both manifolds admit a covariantly constant spinor, that is, that they satisfy the CY_3 condition.

We now consider the open string sector of the theory. The ’mirror’ D-branes of a magnetized stack of D9-branes will be given by stacks of N_α D6-branes wrapping 3-cycles Π_α on W_6, and expanding the four non-compact dimensions. The first hermitian Yang- Mills condition, eq. (B.5), corresponds in this picture to imposing Π_α to be a lagrangian cycle, that is, to satisfy ω|_{Πα} ≡ 0, where ω is the Kähler form in W_3. On the other hand, the second hermitian Yang-Mills condition (B.6) will translate to Π_α being a Special lagrangian (SL) submanifold, which in addition to Π_α being lagrangian imposes the condition Im(e^{iθα} Ω)|_{Πa} ≡ 0. Here Ω stands for the holomorphic (3, 0)-form of W_6 and θ_α is a constant phase. Finally, the chiral matter in the bifundamental representation (N_α, N_β ) arises again in the D6_αD6_β sector of the theory. More precisely it is localized in the intersection points of the submanifolds Π_α and Π_β [37]. See figure 9.

Figure 9: Artist’s view of open string mirror symmetry, which relates type-IIB magnetized compactifications with type-IIA intersecting D6-brane worlds. In general, M_6 and W_6 will have different topology.

– 66 –

MBW IBW Field Theory

M_6 = CY_3 W_6 = CY_3 SUGRA

F_ā¯_b = 0 ω|_{Πα} ≡ 0 F-flatness

g^{ab̄}F_a¯_b = c · 1 Im(e^{iθα} Ω)|_{Πa} ≡ 0 D-flatness

Table 1: Supersymmetry conditions for both Magnetized Brane Worlds (MBW) and Intersecting Brane Worlds (IBW) in terms of the D = 4 effective field theory. Notice that, in the MBW picture, the F-flatness condition imposes a constraint on the complex structure of M_6, whereas D-flatness concerns the Kähler structure. An opposite statements holds for the IBW mirror picture.

Again, we find that supersymmetry may be broken or not in different sectors of the theory. If we consider W_6 being a CY_3 and Π_α being a Special lagrangian submanifold for every stack α of N_α D6-branes, then at low energies we will recover a D = 4 N = 2 supergravity sector and a gauge sector of ∏ α U(N_α) N = 1 SYM theories. However, if we consider the matter content at the intersection of, say, SL’s Π_α and Π_β this may yield a supersymmetric spectrum or not, depending on the respective phases θ_α and θ_β. If θ_α = θ_β the D6_αD6_β chiral matter will be arranged in N = 1 supermultiplets, whereas if θ_α ≠ θ_β supersymmetry will be broken in this sector. From the point of view of the effective field theory, this can be understood as the appearance of a non-vanishing FI-term [44, 45, 22].

In the rest of the paper we will be dealing with one of the most simplest cases of open string mirror symmetry. Namely, both M_6 and W_6 will be T-dual 6-dimensional tori. Moreover, in the type-IIB picture we will be considering D9-branes with constant magnetic fluxes, which in the type-IIA picture correspond to flat D6-branes intersecting at angles. This class of configurations have been analyzed in great detail. In particular, in [46] the two supersymmetry conditions for D6-brane wrapping a 3-cycle Π in the intersecting picture were understood in terms of F- and D-flatness conditions on the worldvolume gauge theory of such D6-brane. This statement should also hold in the D = 4 reduced theory and, by mirror symmetry, it should be matched with the hermitian Yang-Mills equations (B.5), (B.6). We summarize the interpretation of the supersymmetry conditions in table 1.

It is important to notice that, although the hermitian Yang-Mills equations and the calibration conditions match qualitatively in both sides of the mirror map, there will be a quantitative mismatch away from the limit of large volumes and diluted fluxes (or, equivalently, small angles). Indeed, the notion of μ-stability and the hermitian Yang-Mills equations have been derived in the supergravity approximation of string theory. When leaving such regime, we would expect stringy α^′ corrections to the hermitian Yang-Mills conditions. Indeed, by considering the conditions for unbroken symmetry from the Dirac- Born-Infeld action instead of the SYM lagrangian, the condition (B.7) is replaced by the MMMS equation [47] Im e^{iθ} Tr(ω + iα^′F )^n (B.12)

which involves higher powers of the field strength F . These and other considerations led to a

– 67 – modification to the concept of μ-stability, namely the Π-stability proposed in [48]. Roughly speaking, this proposal amounts to considering the stability condition in the intersecting D-brane picture and translate it back to the holomorphic bundle picture by means of the mirror symmetry map. As explicitly seen in [14, 16] in toroidal compactifications this implies substituting the slope μ, which is related to the tangent of the angles between two D-branes, by the angles themselves. Due to this fact, our results concerning three-point functions should be only considered as accurate from the string theory point of view only in the limit of large compactification volume and diluted fluxes (which corresponds to small angles), where the ten-dimensional effective field theory captures all the physics of the underlying string theory.

References

[1] A. Strominger and E. Witten, New manifolds for superstring compactification, Commun.

Math. Phys. 101 (1985) 341.

[2] M.B. Green, J.H. Schwarz and E. Witten, Superstring theory. Vol. 2: loop amplitudes, anomalies and phenomenology, Cambridge University Press, Cambridge 1987.

[3] C. Bachas, A way to break supersymmetry, hep-th/9503030.

[4] R. Blumenhagen, L. Görlich, B. Körs and D. Lüst, Noncommutative compactifications of type-I strings on tori with magnetic background flux, J. High Energy Phys. 10 (2000) 006 [hep-th/0007024].

[5] C. Angelantonj, I. Antoniadis, E. Dudas and A. Sagnotti, Type-i strings on magnetised orbifolds and brane transmutation, Phys. Lett. B 489 (2000) 223 [hep-th/0007090]; C. Angelantonj and A. Sagnotti, Type-I vacua and brane transmutation, hep-th/0010279.

[6] G. Aldazabal, S. Franco, L.E. Ibáñez, R. Rabadán and A.M. Uranga, D = 4 chiral string compactifications from intersecting branes, J. Math. Phys. 42 (2001) 3103 [hep-th/0011073].

[7] N.S. Manton, Fermions and parity violation in dimensional reduction schemes, Nucl. Phys. B 193 (1981) 502;

G. Chapline and R. Slansky, Dimensional reduction and flavor chirality, Nucl. Phys. B 209 (1982) 461;

S. Randjbar-Daemi, A. Salam and J. Strathdee, Spontaneous compactification in six-dimensional Einstein-Maxwell theory, Nucl. Phys. B 214 (1983) 491; C. Wetterich, Dimensional reduction of Weyl, Majorana and Majorana-Weyl spinors, Nucl. Phys. B 222 (1983) 20;

P.H. Frampton and K. Yamamoto, Unitary flavor unification through higher dimensions, Phys. Rev. Lett. 52 (1984) 2016;

P.H. Frampton and T.W. Kephart, Left-right asymmetry from the eight sphere, Phys. Rev. Lett. 53 (1984) 867;

E. Witten, Some properties of O(32) superstrings, Phys. Lett. B 149 (1984) 351; K. Pilch and A.N. Schellekens, Symmetric vacua of higher dimensional Einstein Yang-Mills theories, Nucl. Phys. B 256 (1985) 109; Do quarks know about Kähler metrics?, Phys. Lett. B 164 (1985) 31.

[8] G. ’t Hooft, Some twisted selfdual solutions for the Yang-Mills equations on a hypertorus, Commun. Math. Phys. 81 (1981) 267.

– 68 –

[9] P. van Baal, Some results for SU(N) gauge fields on the hypertorus, Commun. Math. Phys.

85 (1982) 529.

[10] P. van Baal, SU(N) Yang-Mills solutions with constant field strength on T^4, Commun. Math.

Phys. 94 (1984) 397.

[11] A. Gonzalez-Arroyo, Yang-Mills fields on the 4-dimensional torus, hep-th/9807108;

L. Giusti, A. Gonzalez-Arroyo, C. Hoelbling, H. Neuberger and C. Rebbi, Fermions on tori in uniform abelian fields, Phys. Rev. D 65 (2002) 074506 [hep-lat/0112017].

[12] Z. Guralnik and S. Ramgoolam, Torons and D-brane bound states, Nucl. Phys. B 499 (1997) 241 [hep-th/9702099].

[13] Z. Guralnik and S. Ramgoolam, From 0-branes to torons, Nucl. Phys. B 521 (1998) 129 [hep-th/9708089].

[14] A. Hashimoto and I.W. Taylor, Fluctuation spectra of tilted and intersecting D-branes from the Born-Infeld action, Nucl. Phys. B 503 (1997) 193 [hep-th/9703217].

[15] J. Troost, Constant field strengths on T^{2n}, Nucl. Phys. B 568 (2000) 180 [hep-th/9909187].

[16] R. Rabadán, Branes at angles, torons, stability and supersymmetry, Nucl. Phys. B 620 (2002) 152 [hep-th/0107036].

[17] E. Onofri, Landau levels on a torus, Int. J. Theor. Phys. 40 (2001) 537 [quant-ph/0007055].

[18] G. Aldazabal, S. Franco, L.E. Ibáñez, R. Rabadán and A.M. Uranga, Intersecting brane worlds, J. High Energy Phys. 02 (2001) 047 [hep-ph/0011132].

[19] R. Blumenhagen, B. Körs and D. Lüst, Type-I strings with F- and B-flux, J. High Energy Phys. 02 (2001) 030 [hep-th/0012156].

[20] L.E. Ibáñez, F. Marchesano and R. Rabadán, Getting just the standard model at intersecting branes, J. High Energy Phys. 11 (2001) 002 [hep-th/0105155].

[21] R. Blumenhagen, B. Körs, D. Lüst and T. Ott, The standard model from stable intersecting brane world orbifolds, Nucl. Phys. B 616 (2001) 3 [hep-th/0107138].

[22] D. Cremades, L.E. Ibáñez and F. Marchesano, SUSY quivers, intersecting branes and the modest hierarchy problem, J. High Energy Phys. 07 (2002) 009 [hep-th/0201205].

[23] D. Cremades, L.E. Ibáñez and F. Marchesano, Intersecting brane models of particle physics and the Higgs mechanism, J. High Energy Phys. 07 (2002) 022 [hep-th/0203160].

[24] D. Bailin, G.V. Kraniotis and A. Love, Standard-like models from intersecting d4-branes, Phys. Lett. B 530 (2002) 202 [hep-th/0108131];

G. Honecker, Non-supersymmetric orientifolds with D-branes at angles, Fortschr. Phys. 50 (2002) 896 [hep-th/0112174]; Intersecting brane world models from D8-branes on (T^2 × T^4)/ ∫ 3 /ΩR_1 type-IIA orientifolds, J. High Energy Phys. 01 (2002) 025 [hep-th/0201037]; GUT model hierarchies from intersecting branes, J. High Energy Phys. 08 (2002) 018 [hep-th/0203187]; New standard model vacua from intersecting branes, J. High Energy Phys. 09 (2002) 029 [hep-th/0205147];

J.R. Ellis, P. Kanti and D.V. Nanopoulos, Intersecting branes flip SU(5), Nucl. Phys. B 647 (2002) 235 [hep-th/0206087];

D. Cremades, L.E. Ibáñez and F. Marchesano, Standard model at intersecting D5-branes: lowering the string scale, Nucl. Phys. B 643 (2002) 93 [hep-th/0205074];

– 69 –

R. Blumenhagen, V. Braun, B. Körs and D. Lüst, Orientifolds of K3 and Calabi-Yau manifolds with intersecting D-branes, J. High Energy Phys. 07 (2002) 026 [hep-th/0206038]; A.M. Uranga, Local models for intersecting brane worlds, J. High Energy Phys. 12 (2002) 058 [hep-th/0208014];

L.E. Ibáñez, Standard model engineering with intersecting branes, hep-ph/0109082; D. Cremades, L.E. Ibáñez and F. Marchesano, More about the standard model at intersecting branes, hep-ph/0212048;

R. Blumenhagen, V. Braun, B. Körs and D. Lüst, The standard model on the quintic,

hep-th/0210083;

R. Blumenhagen, D. Lüst and T.R. Taylor, Moduli stabilization in chiral type-IIB orientifold models with fluxes, Nucl. Phys. B 663 (2003) 319 [hep-th/0303016]; J.F.G. Cascales and A.M. Uranga, Chiral 4d N = 1 string vacua with D-branes and NS-NS and RR fluxes, J. High Energy Phys. 05 (2003) 011 [hep-th/0303024]; T.P.T. Dijkstra, L.R. Huiszoon and A.N. Schellekens, Chiral supersymmetric standard model spectra from orientifolds of gepner models, hep-th/0403196;

G. Aldazabal, E.C. Andres and J.E. Juknevich, Particle models from orientifolds at Gepner-orbifold points, hep-th/0403262.

[25] M. Cvetič, G. Shiu and A.M. Uranga, Three-family supersymmetric standard like models from intersecting brane worlds, Phys. Rev. Lett. 87 (2001) 201801 [hep-th/0107143]; Chiral four-dimensional N = 1 supersymmetric type-IIA orientifolds from intersecting d6-branes, Nucl. Phys. B 615 (2001) 3 [hep-th/0107166];

R. Blumenhagen, L. Görlich and T. Ott, Supersymmetric intersecting branes on the type-IIA T^6/Z_4 orientifold, J. High Energy Phys. 01 (2003) 021 [hep-th/0211059]; G. Honecker, Chiral supersymmetric models on an orientifold of Z_4 × Z_2 with intersecting d6-branes, Nucl. Phys. B 666 (2003) 175 [hep-th/0303015];

M. Cvetič, T. Li and T. Liu, Supersymmetric pati-Salam models from intersecting D6-branes: a road to the standard model, hep-th/0403061;

G. Honecker and T. Ott, Getting just the supersymmetric standard model at intersecting branes on the Z(6)-orientifold, hep-th/0404055.

[26] G. Aldazabal, E.C. Andres, M. Leston and C. Núñez, Type-IIB orientifolds on gepner points, J. High Energy Phys. 09 (2003) 067 [hep-th/0307183];

R. Blumenhagen, Supersymmetric orientifolds of gepner models, J. High Energy Phys. 11 (2003) 055 [hep-th/0310244];

I. Brunner, K. Hori, K. Hosomichi and J. Walcher, Orientifolds of Gepner models,

hep-th/0401137;

R. Blumenhagen and T. Weigand, Chiral supersymmetric Gepner model orientifolds, J. High Energy Phys. 02 (2004) 041 [hep-th/0401148].

[27] D. Cremades, L.E. Ibáñez and F. Marchesano, Yukawa couplings in intersecting D-brane models, J. High Energy Phys. 07 (2003) 038 [hep-th/0302105].

[28] M. Cvetič and I. Papadimitriou, Conformal field theory couplings for intersecting D-branes on orientifolds, Phys. Rev. D 68 (2003) 046001 [hep-th/0303083].

[29] S.A. Abel and A.W. Owen, Interactions in intersecting brane models, Nucl. Phys. B 663 (2003) 197 [hep-th/0303124].

[30] D. Lüst, P. Mayr, R. Richter and S. Stieberger, Scattering of gauge, matter and moduli fields from intersecting branes, hep-th/0404134.

– 70 –

[31] F. Feruglio, Extra dimensions in particle physics, hep-ph/0401033;

C. Csáki, Tasi lectures on extra dimensions and branes, hep-ph/0404096.

[32] N. Arkani-Hamed and M. Schmaltz, Hierarchies without symmetries from extra dimensions, Phys. Rev. D 61 (2000) 033005 [hep-ph/9903417].

[33] P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley Classics Library, New York 1994.

[34] D. Mumford, Tata lectures on theta I, Birkhäuser, Boston, 1983.

[35] A. Polishchuk and E. Zaslow, Categorical mirror symmetry: the elliptic curve, Adv. Theor.

Math. Phys. 2 (1998) 443 math.AG/9801119.

[36] A. Brignole, L.E. Ibáñez and C. Muñoz, Soft supersymmetry-breaking terms from supergravity and superstring models, hep-ph/9707209.

[37] M. Berkooz, M.R. Douglas and R.G. Leigh, Branes intersecting at angles, Nucl. Phys. B 480 (1996) 265 [hep-th/9606139].

[38] M. Dine, N. Seiberg, X.G. Wen and E. Witten, Nonperturbative effects on the string world sheet, Nucl. Phys. B 278 (1986) 769; Nonperturbative effects on the string world sheet, 2, Nucl. Phys. B 289 (1987) 319.

[39] M. Aganagic and C. Vafa, Mirror symmetry, D-branes and counting holomorphic discs,

hep-th/0012041;

M. Aganagic, A. Klemm and C. Vafa, Disk instantons, mirror symmetry and the duality web, Z. Naturforsch. A57 (2002) 1–28 [hep-th/0105045];

B. Acharya, M. Aganagic, K. Hori and C. Vafa, Orientifolds, mirror symmetry and superpotentials, hep-th/0202208.

[40] S. Kachru, S. Katz, A.E. Lawrence and J. McGreevy, Open string instantons and superpotentials, Phys. Rev. D 62 (2000) 026001 [hep-th/9912151]; Mirror symmetry for open strings, Phys. Rev. D 62 (2000) 126005 [hep-th/0006047].

[41] B. Körs and P. Nath, Effective action and soft supersymmetry breaking for intersecting D-brane models, Nucl. Phys. B 681 (2004) 77 [hep-th/0309167].

[42] M.R. Douglas, D-branes and N = 1 supersymmetry, hep-th/0105014.

[43] M.R. Douglas, Dirichlet branes, homological mirror symmetry, and stability,

math.AG/0207021.

[44] S. Kachru and J. McGreevy, Supersymmetric three-cycles and (super)symmetry breaking, Phys. Rev. D 61 (2000) 026001 [hep-th/9908135].

[45] M.R. Douglas, Topics in D-geometry, Class. and Quant. Grav. 17 (2000) 1057 [hep-th/9910170].

[46] J. Erdmenger, Z. Guralnik, R. Helling and I. Kirsch, A world-volume perspective on the recombination of intersecting branes, J. High Energy Phys. 04 (2004) 064 [hep-th/0309043].

[47] M. Marino, R. Minasian, G.W. Moore and A. Strominger, Nonlinear instantons from supersymmetric P-branes, J. High Energy Phys. 01 (2000) 005 [hep-th/9911206].

[48] M.R. Douglas, B. Fiol and C. Romelsberger, Stability and BPS branes, hep-th/0002037.

– 71 –